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Due to lecture scheduling, you cannot choose to hand in solutions to this exercise. (is exercise sheet does
not count towards your module grade.

$.%. Let 𝐿 = ℂ𝐿 and

𝑀 =
𝑁

2

𝐿∑
𝑀=1

d𝑂 𝑀 → d𝑂 𝑀

be its standard Kähler form. Writing 𝑂 𝑀 = 𝑃 𝑀 + 𝑁𝑄 𝑀 , prove that

ω𝑅 = ↑

𝐿∑
𝑀=1

(
𝑆2

𝑆𝑃2𝑀
+

𝑆2

𝑆𝑄2𝑀

)
𝑅 .

$.&. Let 𝐿 = ℂ𝐿
/ε be a complex torus. Compute 𝑇𝑁,𝑂

(𝐿 ) for all 𝑈,𝑉 ↓ 0.

$.). On a compact Kähler manifold, it holds that the map

H
𝑁,𝑂

(𝐿 ) ↔ 𝑇𝑁,𝑂
(𝐿 )

𝑊 ↗↔ [𝑊]

is a vector space isomorphism for all 𝑈,𝑉 ↓ 0. Here H𝑁,𝑂
(𝐿 ) denote harmonic forms of type (𝑈,𝑉)

and 𝑇𝑁,𝑂
(𝐿 ) is De*nition +.),. ((is will be proved in the lecture, probably on %+ March.)

Use this to prove that on a compact Kähler manifold, every holomorphic 𝑈-form 𝑊 ↘ 𝑇 0
(𝐿 ,ϑ𝑁

𝑃 ) is
closed.
Note: in an earlier version of this exercise sheet, the word compact was missing.

$.+. (Iwasawa manifold) Let 𝑋 ≃ GL(3,ℂ) be de*ned as

𝑋 :=


()
*
1 𝑃 𝑂
0 1 𝑄
0 0 1

+,
-
: 𝑃,𝑄, 𝑂 ↘ ℂ



.

De*ne ϖ ≃ 𝑋 to be the subgroup of matrices such that 𝑃,𝑄, 𝑂 ↘ ℤ[𝑁].
Show that 𝐿 := 𝑋/ϖ is a compact complex manifold.
Show that d𝑂 ↑ 𝑃 d𝑄 is a holomorphic (1, 0)-form that is not closed.
Use Exercise $.) to deduce that 𝐿 is not Kähler.
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