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Please submit solutions to these exercises on Blackboard. The grade for your submission will count for 5%
of your total grade for this course.

4.1. Let 𝐸 → 𝑋 be a holomorphic vector bundle over a complex manifold. In the lecture, the ℂ-linear
operator 𝜕𝐸 : 𝐶∞ (𝑋,Ω𝑝,𝑞

𝑋
(𝐸)) → 𝐶∞ (𝑋,Ω𝑝,𝑞+1

𝑋
(𝐸)) was defined. It was shown that is satisfies the

following two properties:

(a) 𝜕𝐸𝑠 = 0 for every holomorphic section of 𝐸,
(b) for 𝛼 ∈ 𝐶∞ (𝑋,Ω𝑝,𝑞

𝑋
), 𝛽 ∈ 𝐶∞ (𝑋,Ω𝑟,𝑠

𝑋
(𝐸)) the Leibniz rule

𝜕𝐸 (𝛼 ∧ 𝛽) = (𝜕𝛼) ∧ 𝛽 + (−1)𝑝+𝑞𝛼 ∧ 𝜕𝐸𝛽

holds.

Prove that any ℂ-linear operator 𝐶∞ (𝑋,Ω𝑝,𝑞

𝑋
(𝐸)) → 𝐶∞ (𝑋,Ω𝑝,𝑞+1

𝑋
(𝐸)) satisfying these two proper-

ties must be equal to 𝜕𝐸 .

4.2. Let 𝐸, 𝐹 → 𝑋 be holomorphic vector bundles over a complex manifold 𝑋 . Let 𝛼 : 𝐸 → 𝐹 be a bundle
morphism. Show that

𝛼∗ : 𝐶∞ (𝑋,Ω0,𝑞 (𝐸)) → 𝐶∞ (𝑋,Ω0,𝑞 (𝐹 ))
𝜔 ⊗ 𝑠 ↦→ 𝜔 ⊗ 𝛼 (𝑠)

is well defined as a map 𝐻𝑞 (𝑋, 𝐸) → 𝐻𝑞 (𝑋, 𝐹 ).

4.3. On ℝ2 we write (𝑥,𝑦) for the standard coordinates and define an almost complex structure via

𝐽 : 𝑇 (ℝ2) → 𝑇 (ℝ2)
𝜕

𝜕𝑥
↦→ 𝑒𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑦
↦→ −𝑒−𝑥 𝜕

𝜕𝑥
.

Prove that 𝐽 is integrable.

4.4. Compute the Hodge numbers of ℂℙ1.
Hint: there are different ways to compute this. If you want, you can use without proof that the Euler
sequence on ℂℙ1 is a short exact sequence, i.e. there are linear maps making the following a short
exact sequence:

0 → Ω1,0
ℂℙ1 → O(−1)⊕2 → Oℂℙ1 → 0.
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