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You can choose to hand in written solutions to this exercise sheet in hardcopy in class on 29 Jan 2025 and I
will correct them. This is optional and does not count towards your module grade.

2.1. Prove that ℂℙ𝑛 and 𝑆𝑛+1/U(1) are homeomorphic, where

𝑆𝑛+1 := {𝑧 = (𝑧1, . . . , 𝑧𝑛+1) ∈ ℂℙ𝑛 : |𝑧 | = 1}

and U(1) = {𝜆 ∈ ℂ : |𝜆 | = 1} acts on ℂ𝑛+1 via 𝜆 · (𝑧1, . . . , 𝑧𝑛+1) = (𝜆𝑧1, . . . , 𝜆𝑧𝑛). Conclude that ℂℙ𝑛

is compact.

2.2. Show that there exists no embedding of ℂℙ𝑘 into ℂ𝑛 for any values of 𝑘, 𝑛 ≥ 1.
Hint: use that any holomorphic function on a compact manifold is constant.

2.3. For 𝜏 ∈ ℂ let Λ(𝜏) := spanℤ{1, 𝜏}. Prove the following:

(a) The complex manifolds ℂ/Λ( 12𝑖) and ℂ/Λ(2𝑖) are biholomorphic.
(b) The complex manifolds ℂ/Λ( 𝜋𝑖3 ) and ℂ/Λ( 2𝜋𝑖3 ) are biholomorphic.

2.4.∗ With the notation Λ(𝜏) from the previous exercise, make some choice of 𝜏1 and 𝜏2 for which ℂ/Λ(𝜏1)
and ℂ/Λ(𝜏2) are not biholomorphic.
(This is probably a very hard question. I only know how to prove this by using the 𝑗-invariant, which
is a complicated construction. I would be interested in an example with an easy proof.)

2.5. (a) Let 𝑉 be a real vector space and 𝐿 : 𝑉 → 𝐿 be an ℝ-linear map. Let 𝑉ℂ = 𝑉 ⊗ℝ ℂ be its
complexification and 𝐿ℂ : 𝑉ℂ → 𝑉ℂ be the ℂ-linear extension of 𝐿. Show that

det ℝ (𝐿) = det ℂ (𝐿ℂ).

(b) Let 𝑉 be a complex vector space and 𝐿 : 𝑉 → 𝑉 be a ℂ-linear map. Let 𝑉ℝ be the underlying
real vector space and 𝐿ℝ the map 𝐿 viewed as an ℝ-linear map. Show that

| det ℂ (𝐿) |2 = det ℝ (𝐿ℝ)

(c) Let 𝑉 be a complex vector space and 𝐿 : 𝑉 → 𝑉 be a ℂ-linear map. Let 𝑉ℂ = 𝑉 ⊗ℝ ℂ be its
complexification and 𝐿ℂ : 𝑉ℂ → 𝑉ℂ be the ℂ-linear extension of 𝐿. Show that

| det ℂ (𝐿) |2 = det ℂ (𝐿ℂ).
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