Complex Manifolds

Daniel Platt (15th June 2025)
(based on lecture notes by Paolo Cascini and Mykola Matviichuk)

Contents

=

1 Introduction

2 Local Theory
2.1 Holomorphic functions in several variables . . . . . ... ... ... ... ... .. .. ..
2.2 Cauchy formulain one variable . . . ... ... ... .. .. .. .. .. .. .. ...
2.3 Implicit function theorem . . . . . . . . ... . L L

3 Complex Manifolds
3.1 Definitionand examples . . . . .. ..o L
3.2 Almost complex structures and the tangentbundle . . .. ... ... ... ... .. ...

4 Holomorphic vector bundles
41 Definition and examples . . . . . ... L
4.2 Almost complex structures and the complexified tangent bundle revisited . . . . . . . . ..
4.3 Dolbeault cohomology of a complex manifold . . .. ... ... ... ... ... ......
4.4 9 operator on a holomorphic vectorbundle . . . . . ... ... ... ... ... .......
4.5 Dolbeault cohomology of a holomorphic vector bundle . . . . ... ... ... .......
4.6 deRham Cohomology . . . . . . . .. ... . .. .. ...

SRNEEEE Bom SsoE®E

5 Connections, curvature and metrics 3ol
51  Connections . . . . . ... . . ... B9
5.2  Hermitian metrics . . . . . . . . . . . B33

]

5.3 Chernconnection . . . . . . . . . . .. ...

5.4 Fubini-Study formon CP™ . . . . . . . . .. 39]
5.5 Chernclasses . . . . . . . . .. e [0
6 Kahler manifolds @7
6.1 TheHodge % operator . . . . . . . . . . . .. GOl
6.2 Harmonicforms . . ... ... ... ... ... ... 52
6.3 Harmonic (p,q)-forms . . . . .. .. .
6.4 Lefschetz operator and Kéhler identities . . . . . . .. ... ... ... ... ... .. ..., 3|
6.5 Hodge decomposition . . . . .. .. ... 62]
7 Epilogue [64

1 Introduction

A complex manifold is about the same thing as a differentiable manifold, but everywhere you see the word
“diffeomorphism” replace it with “holomorphic isomorphism” or “biholomorphism”. In this introduction,



we will list some examples that will turn out to be complex manifolds later. We will give the rigorous
definition later, this is just to get an idea of what spaces this lecture will be about.

Example 1.1. C" is a complex manifold. In fact, any open subset in C” is a complex manifold.

Example 1.2. The sphere S? is homeomorphic to the one-point compactification of the complex plane C=
C U {co}. It can be given the structure of a complex manifold. More generally, CP" is a complex manifold.
Instead of generalising S? to CP", one can also consider %, S°, ... Is is a theorem that S?" is not a complex
manifold, except for n = 1 and n = 3. The converse is an open problem: we know that S? is a complex
manifold, but for S° it is not known whether it is or isn’t. This is called the Hopf Problem.

Example 1.3. The torus T? := R?/7? = C/Z% = S' x S! is a complex manifold. More generally, any 2n-
dimensional lattice A C C" defines the 2n-torus T?" := C"/A which is also a complex manifold. On the
other hand, $2" is not a complex manifold for n # 1, 3. It is unknown if Slisa complex manifold.

Example 1.4. Any genus g surface is a complex manifold.

Example 1.5. Let f: C — C be a holomorphic function. Then the graph of f,
Ir={(zf(z)} cCxC

is a complex manifold. Given I'r we can recover f as follows:

f(@)=q(p7'(2) NTy)

where p, g are the projection onto the first and second coordinate respectively.
More in general, given any complex submanifold I' ¢ C x C, we can define a “multivalued holomorphic
function” by

i@ =q(p'(2)NT).

In particular, this allows to construct the inverse of a function: let
1:CxC—->CxC
be defined by 7(z, w) = (w, z) and given f: C — C, let

[p1 = T(Ff).
Then f~! = f - is the inverse of f. For example, log(z) is the multivalued holomorphic function defined
as the inverse of f(z) = exp(z).

Example 1.6. Generalising the previous example, we can consider holomorphic maps between complex
manifolds:
f:M— N.

For example, given M, what are the automorphism of M:
Aut(M) = {f: M — M | f is biholomorphic}.

There are many maps f: C — C but the only automorphism of C are affine linear maps.
The study of automorphisms of a torus f: C/A — C/A has many applications in cryptography.

Example 1.7. Algebraic geometry is the study of the zeroes of polynomials. Given a collection of polyno-
mials, fi, ..., fx in variables xi, . . ., X, then the set

{(x1,+ . xm) €C™ | fi=-+= fi = 0}

is called algebraic variety. If it is smooth, then it is also a complex manifold.
If Fy, ..., Fr are homogeneous polynomials in variables x, . . ., x;,, then the set

{(x0,...,%m) EP™ | Fy=---=F =0}

is called projective variety. Also in this case, if it is smooth, then it is a complex manifold. Surprisingly,
even the converse is true! Namely, any analytic complex submanifold of P" is given as the zero locus of
homogeneous polynomials. This is Chow’s theorem.



Figure 1: A (very misleading) picture of the variety {(x1, x;) € C* : x2 —x2—1 = 0}. It is misleading, because

the picture only shows the real points of the variety, and not those points with imaginary components.

Note that a differentiable manifold X contains many compact submanifolds. For example, through every
point x € X, there eists a positive dimensional submanifolds. On the other hand, there are complex mani-
folds which do not admit any proper complex submanifolds.

Question1.8. What can we say about the topology of a complex manifold? Is it orientable? What can the fun-
damental group be? Can we list all the simply connected complex manifolds? What can the (co)homology
groups look like?

One way in which we will address this question in this lecture is by introducing Dolbeault cohomology,
which contains a lot of information of complex manifolds.

Question 1.9. What is the relationship between the complex structure and the Riemannian structure on a
manifold?

Manifolds on which both structures are present are called Kdhler manifolds. In this lecture we will prove
a few properties of these manifolds, showing that the complex and Riemannian structures are indeed very
strongly related! We may even get as far as to say some things about Calabi-Yau manifolds, which are a
special class of Kéhler manifolds that are interesting in many areas of pure mathematics and physics.



2 Local Theory

2.1 Holomorphic functions in several variables

We will now recall some facts about holomorphic functions in several variables.

Definition 2.1. We denote by D(zg, r), the complex disc of radius r centred at zy:
D(zg,r) ={z€C:|z—z| <r}.

The boundary of D(z, r) will be denoted by 9D (zo, r).

Definition 2.2. Let U C C be an open subset. Let f: U — C be a continuous function. Then f is holomorphic
on U if for all z5 € U, the limit
L@ )

) zZ— 2
exists.

Theorem 2.3 (Cauchy’s integral formula). Let U C C be an open subset and let f: U — C be holomorphic.
Let zy € U and assume that D := D(zy,r) is such that D c U.

Then for every & € D, one has
r@= [ 1D
mi Jop 2 =&

We will prove a more general claim below (Proposition [2.15), which will imply Theorem 2.3}

Definition 2.4. Letc = (c1,...,¢,) € C"andletr = (ry,...,r,) € RZ,. We will denote by D(c, r) the polydisc
centred at ¢ with polyradius r, i..e

D(c,r) ={z=(z1,...,2,) € C" : |zj —¢j| < rjforall j}.

Definition 2.5. Let U C C" be an open set. Let f: U — C be a continuous function. We say that f is
holomorphic if for each z = (zy,...,z,) € U such that D(z,€) C U for some polyradius € = (€3, ..., €,), we
have that the function in one variable

f(z1,. .., zic1, Zist, - .- 20) - D (21,65) = C

is holomorphic.

Example 2.6. Any convergent power series in n variables is holomorphic.

We will now see that also the converse is true.

Theorem 2.7 (Cauchy). LetU C C" be an open set and let f: U — C be holomorphic. Letz = (z1,...,2,) € U

ande = (ey,...,€,) € RL | be such that D(z,e) C U.
Then for every & = (&, ...,&,) € D(z,€), we have

__1 f(2)
f (g) - (27Ti)n LD(Z],G]) o LD(zn,en) (zl - §1) s (Zn - gn) dzn o dZI

The Theorem follows by induction on n, by applying at each step. It follows:

Corollary 2.8. Let U c C" be an open set and let f: U — C be holomorphic. Let z = (z1,...,z,) € U.
Then there exists D := D(z,€) C U for some polyradius € = (ey, ..., €,) and a power series

p®= D, anE-z)™ . (G —z)™

my,...,mp 20

such that p is convergent on D and p(§) = f(&) on D.



Proof. We give the proof idea for the case n = 1, the general case is done analogously.
By the previous theorem we have that

_ 1 f(w)
f(g)—% aDWdeW
1 f(w)
2mi Jop (w—12) = (£ -2)
1 1 f(w
= — . d’W
27i Jopw—2z 1_5—_22
1 1 w(é-2z k
" 2mi aDw—zé(w—z) flw) dw

R U PN f(w)
T ori ;(5 ?) ‘/aD (w — z)k+1 dw,

where we used the geometric series in the fourth step. The last line is a power series in (£ —z) which proves
the claim. O

Definition 2.9. Let U c C" be an open set. A function f: U — C™ is holomorphic, if for each projection
pi: C™ — C, the function

fi=piof:U—-C
is holomorphic.

Note that if f: U — V and g: V — W are holomorphic, then the composition g o f: U — W is also
holomorphic.

Definition 2.10. Let U C C" be an open set. A holomorphic function f: U — C™ is biholomorphic at a point
z € U if there exists a neighbourhood z € V C U such that f: V — f(V) is bijective and f~!: f(V) - V
is holomorphic.

We say that f if biholomorphic if it is a bijection and biholomorphic at all points z € U.

Note that, in the assumptions above, f(V) is automatically an open set of C™.
Example 2.11. Let A be an invertible n X n complex matrix. Then A defines a biholomorphism f: C* — C™.

Example 2.12. Let f(z): C\ {0} — C\ {0} defined by f(z) = z%. Then f is a biholomorphism at each point,

but it is not a biholomorphism.

Identifying C" =~ R2" it follows that any holomorphic function is real analytic and, hence, C*. Thus, if
f: U — V is a biholomorpihsm, it is also a diffemorphism and a homeomorphism.

Theorem 2.13 (Hartog’s theorem). Letn > 2 andletR = (Ry,...,R,) andr = (r1,...,ry) such thatR; > r; >
0fori=1,...,n. Let
U =D(0,R)\ D(0,r) c C".

Then any holomorphic function on U extends to a holomorphic function on D(0, R).
Note that this is false if n = 1. Indeed, it is enough to consider the function f(z) = %
We omit the proof here. It can be found in [[7, Proposition 1.1.4].

2.2 Cauchy formula in one variable

Identify

z:R* > C
(x,y) — x +iy.



This implies
dz=dx+idyand dz=dx —idy
and

édz/\dE:dx/\dy,

which is the Lebesgue measure on R2. For now, the symbols a% and a% have no meaning, but we can define
7} 1/(0 a 7} 1(0 a
lz_l_i_f and;f:_ _f_+_l_f
Jdz 2 \ox oy 0z 2\ox oy

These are called Wirtinger derivative.
Let U ¢ Copenand f : U — C s.t. it is smooth if viewed as a map f : U — R

Exercise 2.14. Show that f : U — C is holomorphic if and only ifg—j; =0.

Proposition 2.15 (Cauchy’s integral formula for C*-functions). Letr > 0 andletD := D(0,r). Letf: U — C
be a C*-function, where U C C" is an open set containing D.
Then for every & € D, we have

f@& = =2

2mi Jop z— €& 27i Jp 0z z—§&

1 f(z) 1/af dz NdzZ
dz +

Proof. We will assume, for simplicity, that £ = 0.
Exercise 2.16. ¢g(z) = % is absolutely integrable over D with respect to the measure dz A dz.

Thanks to this exercise, we have
f dz Ndz f dz Ndz
/ _]_v = lim / —j_r .
p oz =z €0 Jp_p(oe) 92 2

idl/z\diz—d(f(z)d;).

Away from zero, we have

0z
(Here, d denotes the exterior derivative of a 1-form.) Thus, by Stokes theorem, we have

of dz A dz d d
lim of dzn dz :—/ (22 +lim )&,
€0 Jp_D(oe) 92 % aD z €20 Jap(o,e) z

Since

d
lim ()2 = 2xif (0),
€20 JaDp(0,e) z

the result follows. O

Note that if f is holomorphic, then ‘;—J; = 0 and thus, we recover



2.3 Implicit function theorem

Definition 2.17. Let U € C" be an open set. Given a holomorphic function f: U — C™, we define the
holomorphic Jacobian of f at z € U, to be the matrix Jr defined by

e = (2 )
J

ij
where f; = p; o f and p;: C™ — C is the i-th projection.

Theorem 2.18 (Implicit function theorem). LetU ¢ C™ be an open set and let f: U — C" be a holomorphic
function. Let z € U be a point where the Jacobian Jr has rank n. After renumbering the coordinates of C*k,
if necessary, let us assume that the square submatrix

i =(Z
J

)1<i,j<n

is non-singular.
Then there are open subsets Uy ¢ C", U, C Ckanda holomorphic function g : U, — U; such that Uy xU, ¢ U
and the level set

{(z',z“) U xUs: f(z,2") = f(z)}

coincides with the graph of the of the function g, that is,
{(z', ZYeU xUy: 2 = g(z")}.
The proof is analogous to the real case, and can be found in [[7, Proposition 1.1.11].

Corollary 2.19 (Inverse function theorem). Let U € C" be an open set and let h: U — C" be a holomorphic
function. Let z € U be such that det(J,(z)) # 0.
Then f is a biholomorphism at z.

Proof. Let us use the Implicit function theorem for k = n, and f(z’,2") = h(z’') — 2", for 2’,z"” € U c C".
The assumptions of the theorem are satisfied at the point (z, h(z)) € C™, since the Jacobian of f at (z, h(z))
has the following block form

Iz k() = ((2)] - 1d)

Implicit function theorem implies that there are open sets Uj, U, C U C C”" containing z and a holomorphic
function g : U, — Uj such that for z’ € Uy, 2”7 € U, we have

h(z') =7" = 2/ = g(z").
(]

Remark 2.20. Let f = (fi,..., fo): C" — C" be a holomorphic function. Then det J¢(z): C" — Cis also a
holomorphic function. In particular

Z:={z € C" | det(Jy)"'(0)}

is a closed subset and f is a biholomorphism away from Z.
More generally, the locus where f has rank < k is a closed subset.



3 Complex Manifolds

3.1 Definition and examples

Definition 3.1. A complex manifold (or holomorphic manifold) of dimension n is a Hausdorff topological
space X with a countable open cover U = {U,} and homeomorphisms ¢, : U, — C”" such that the trans-

ition functions
Pa © ¢ﬁ_l: (/J)ﬁ(Ua N U,B) = ¢a(Ux N Uﬂ)

are biholomorphisms.
The pair (U, @) is called complex chart and the set {(Uy, @) is called complex atlas or complex structure.
The n comoponents of the function ¢, are called coordinates on U, C X.

ba 0 Pg

C?’L

C’n

Figure 2: Compatibility of charts in the definition of complex manifold

Note that the real dimension of a complex manifold of dimension n is 2n.

Example 3.2.

« An open subset U ¢ C" is a complex manifold or, more generally, an open set of a complex manifold
is also a complex manifold.

« If X and Y are complex manifolds then X X Y is a complex manifold.

Example 3.3 (Projective space). Let V = C"*! with coordinates z, .. ., z, and let V* = V' \ {0}. Consider the

relation on V*, given by
v ~w if 31 € C* suchthato = A - w.



Let P" = V*/~ with quotient map 7: V* — P" and endowed with the quotient topology. A point x € P"
can be written as an (n + 1)-tuple [xg: ... : x,] so that x; # 0 for some i. Two (n + 1)-tuples [xg: ... : x,]
and [yo: ...: yu| define the same point on P” if and only if there is A € C* such that x; = Ay; for all
i=0,...,n.
Let U; = {[x0: ...: x,] € P" | x; # 0}. Note that the inequality x; # 0 is well-defined, even though the
value x; is ambiguous.
Next, we define ¢; : U; — C" via

X Xi—-1 Xj Xn

Gi([xo: ... i xa]) = =2, 222 2L 28

Xi Xi Xi Xi
Again, the quotients on the right hand side are all well-defined, even though the individual values of x; are
not.
To check compatibility of the charts (U, ¢;) and (U}, ¢;), let us consider the case i = 0 and j = 1. Note that

¢o(Up NUy) = {(x1,...,x,) € C" | x1 # 0}

and

é1 o(f)&l(xl,xz,__.,xn) = ¢1([1 TX] XD G :xn]) =

1 X; X 1 x X,
451( —:1:—2:...:—n]) = (—,—2,...,—n).
X1 X1 X1 X1 X1 X1
Thus ¢; o @, ' is a biholomorphism. Clearly the same result holds for ¢; o 45]_1 for any i, j.
Thus, P" is a complex manifold, called n-dimensional projective space. It is sometimes denoted by CP" or
P¢ to stress that the construction starts with a vector space over C.

Proposition 3.4 (Properties of projective space).
1. The space CP" is compact for all n.

2. An alternative description of CP" is

CP" = {l c C" : 1 is a 1-dimensional linear subspace}.

3. The space CP! is homeomorphic to S.

We leave the proof as an exercise.

Example 3.5 (Complex tori). Let A = Z?® C C" be the natural inclusion. Let X = C"/A with quotient map
q: C" — X endowed with the quotient topology. Note that X is compact. For x € X lety € ¢g”!(x) c C".
Then for D, := D(y, (1/4,...,1/4)) we have that the map

dx = Q|Dx : Dy — q(Dx)

is a homeomorphism. That is, (Dy, gx) is a chart of X. By compactness of X it can be covered with finitely
many of these, and one checks they define a complex structure.

More generally, let A € C" be a lattice of rank 2n, that is, A is a group under addition, abstractly isomorphic
to Z?", and the 2n generators of A form a real basis of C* = R®". Then X = C"/A is a compact complex
manifold, called complex torus.

For the case n = 1, we obtain a complex curve of genus 1, in the sense that its underlying real manifold has

genus 1 (see|Figure 3). Such curves are also called ellliptic curves.

Definition 3.6. A continuous map f: X — Y between complex manifolds is said to be holomorphic if for all
y € Y, there is a complex chart (V,, ), with y € Vy, such that for all x € f~'(y), there is a chart (Uy, ¢x),
with x € Uy, such that ¢, o f o ¢! is holomorphic.



Figure 3: Obtaining an elliptic curve as a quotient of C by a lattice A

It is easy to check that the definition above does not depend on the choice of the charts.
Using the notation above, we define the Jacobian of f at x by taking the Jacobian of i, o f o ¢ .
A holomorphic function on X is just a holomorphic function f: X — C.

Theorem 3.7. Let X be a complex manifold and let X be compact and connected. Then any holomorphic
function f : X — C is constant.

For the proof of this we need:

Proposition 3.8 (Maximum modulus principle). Let U c C" be open and f : U — C be holomorphic. If |f|
attains a maximum on U, then f is constant on U.

Proof of Proposition[3.8 We prove the case n = 1, the general case is analog. Assume |f] attains a maximum
at zy € U. Without loss of generality assume that zy = 0. Let D(0,€) = D C U. Then

o=l [ 12
- 1 2 0 40
e T
1
<5 [ ol
= 1fO),

10



where in the second step we used the monotonicity of the integral and in the third step we used that |f|
attains a minimum at zo. Because the left and right side of this chain of inequalities are the same, all ”<”
must really be =", Therefore, |f(ee’?)| = |f(0)| for 8 € [0, 27]. That is: |f] is constant on U.

It remains to show that this implies that f is constant. Write f = u + iv and without loss of generality
assume that |f| = 1. Then

ad

0= —(u? +0%) = uyu + vy, (%)
ox
d

0= a—(u2 +0%) = Uyl + 0y0 = —Vyll + UxD, ()

where in the last step we used the Cauchy-Riemann equations for f. Thus

Uy = U (U2 + 0%) = Uyuu + U0V = U U + 050U = U (Ully + 0x0) = 0,
N—
=0
where in the third step we used (**) and in the last step we used (*). Analogously we find that v, = 0, so
f is constant. O

3.2 Almost complex structures and the tangent bundle
Definition 3.9 (Tangent space). Let K € {R, C} and M be a K-manifold. Then
TrxM = {[y] s.t. y : (—€,€) = M curve for some € > 0 s.t. y(0) = x},
where [] denotes the equivalence class with respect to the equivalence relation ~ defined by
Y ~ 8 :© ex. (—€,€) on which y and § are both defined

d
and %lt:ogﬁ}’(t) = 5|t:0¢5(t) for a chart (U, ¢) around x

The vector space structure is given by

A-lyl+p-[8] = [¢71(A- gy +p- $6)]

for A,y € K and [y], [8] € TrxM.

Note that this definition defined a K-vector space structure, i.e. if the manifold is complex, then we can
multiply tangent vectors by complex numbers.
If K = C, ie. M is complex, and (U, ¢ = (zy,...,2y,)) is a chart around x € M write z; = x; + iy;. Then

0 0
T[R’XM = Sspanpg g, 5 .
L L

Definition 3.10. The map

]x : TR’XM g TR’XM
[yl = [¢7( - ¢p)]

satisfying J2 = — Id is called almost complex structure induced by the complex structure.

Definition 3.11 (Complexified tangent space). The complex vector space

TC’xM = TR,XM ®r C

11



is called complexified tangent space. Defining

d 1( 0 . d ad 1( 0 )
—==|—-i-—],and == | —+i-—|,
9z; 2 \ ox; Y, 9z; 2\ ox; aY;

we have that
T M Jd ad
= spang { —, —
Cx pang ox;” ay;
d 4
= Span, — T—
patic aZi az,-

and we define
d
Txl’OM ‘= spang {8_21}

a
T>'M := spang {8__} .

Zi
The space Tc M is called the holomorphic tangent space and Tc M is called the anti-holomorphic tangent
space.

Remark 3.12. Let M be a complex manifold.
1. The map

F:Tr M — TXM
0 0
— H —
8x,~ 3zl-
is an isomorphism of C-vector spaces. In particular, if n is the complex dimension of M, then the
complex dimension of Tc M is 2n, and the complex dimension of Ty’ M is n.

2. If one extends Jy : Tr xM — Tr M complex linearly to a map Jy : TcxM — Tc xM, then

T°M = the i-eigenspace of Jy,
TO'M = the (—i)-eigenspace of Jy.

Definition 3.13. Let f : X — Y be holomorphic. The Jacobian Jr of f at x € X is the complex matrix

representing the linear map dfy : To°X — T}’((;) Y in the bases aiz,- on T}°X and T;’((;) Y.

Definition 3.14. A holomorphic map f: X — Y is a submersion (resp. immersion) if dimX > dimY =: r
(resp. r := dim X < dimY) at every point x € X the Jacobian Jf of f has maximal rank r.
An immersion is an embedding if f: X — f(X) is a homeomorphism.

Example 3.15. Let Z* C C? be the standard lattice and let T* = C?/Z*. Denote by q: C? — T* the quotient
map. As in Example T* is a complex manifold. Let A € C and consider the immersion f: C — C? given
by

x b (x,Ax).

The composition q o f: C — T* is also an immersion, as

]qofz,]q']f:((l) (1))(1,A),

where we used the chain rule for the differential in the first step, and we computed Jacobians with respect
to the obvious charts on C and C?, inducing an obvious chart on T4.

12



If f: X — Y is an embedding such that f(X) is closed in Y then we say that X is a closed submanifold of
Y. The codimension of X is dim Y — dim X.
The following result provides a way to check if a closed subset of a complex manifold is a submanifold.

Theorem 3.16. Let Y be a manifold of dimension n andi: X — Y be a closed submanifold of codimension k.
Then for all p € i(X) there is a biholomorphism ¢ : U — ¢(U) C C" defined in a small open neighborhood U
of p such that

P(i(X)NU) ={(z1, .. 20) € $(U) : 21 = ... = 2 = 0}.
Conversely, if X C Y is a closed subset such that for all x € X there is an open subset x € U C Y and a
submersion f: U — f(U) ¢ C* such that X N U = f~1(0), then X is a closed submanifold of codimension k.

The proof uses the Implicit Function theorem Theorem [2.18] and is analogous to the real case.

Example 3.17 (Complete intersections in P"). Let X = P" and let F; be homogeneous polynomials of degree
di,i=1,....k, k < n. Let the Jacobian

=),
il o5iEh
have the maximal rank k at each point x € C"*! \ {0} such that F;(x) = ... = Fx(x) = 0.
Consider the following closed subset of P":
V={xeP":F(x)=..=F(x) =0}

We claim that V is a submanifold of P" of codimension k. Such a manifold is called a complete intersection
in P".
It is enough to verify the claim in each open set U, ¢ P", where {U;}o<¢<n is an open cover of X defined in
Example Using the chart map ¢, : U, — C", we identify VNU, with the set of points (xq, ...., X¢—1, X415 - Xn) €
C" satisfying

Fl-(xo, ey Xp—1, 1, Xp41s oees xn) = 0, i= 1,..., k.

Now, if the submatrix of the Jacobian of F given by

oxj ) i=l..k

has rank k at a point x = (xo, ..., Xp—1, L, Xp41, ..., Xn) € C™1, then the functions G; = Fi|x,=1, i = 1,....k,
form a submersion C" — CF near x. In this case, Theorem implies that V N Uy is a submanifold of

codimension k locally near [xg: ...:Xp—1 :1:Xp1: ... : Xy] € Uj, and we are done.
It remains to prove that the matrix has rank k at each x such that [xp: ... :xp—1:1:Xp41: ... : Xy] €

V N Uj;. Using the fact that F; is homogenous of degree d;, we obtain

n
JF;
D x e (x) = diFi(x) =0 =
= axj

oF; S OF;
—(x)==)> xi—(x).
aJC[ ( ) Z J ax j ( )
Jj=0
j#e
This means that the £-th column of the Jacobian matrix («) is a linear combination of the other columns.
Therefore, by removing the ¢-th column from the Jacobian, we cannot lower the rank of the matrix.
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4 Holomorphic vector bundles

4.1 Definition and examples

Before defining holomorphic vector bundles, we first remember the definition of vector bundle:
Definition 4.1. Let K be a field and E, X be Hausdorff spaces. Let 7 : E — X be continuous. Then E is called
a K-vector bundle of rank r if:

1. for all p € X we have that E, := 77 (p) is a K-vector space of dimension r. The space E,, is called the
fibre over p.

2. for all p € X there exists a neighbourhood U of p and a homeomorphism h : 77 }(U) — U X K" such
that h(E,) C {p}x" and h? is defined as

h
W E, > {pyx K" 5 K

is a K-vector space isomorphism, where p, denotes the projection onto the second component. The
pair (U, h) is called a local trivialisation of E.

The space E is called the total space of the vector bundle, X is called the base space. If r = 1, then E is called
a line bundle.

Roughly speaking, a smooth (respectively holomorphic) vector bundle is then a bundle in which all the
maps appearing in the above definition are smooth (respectively holomorphic). To be precise:

Definition 4.2. A K-vector bundle 7 : E — X is said to be smooth (respectively holomorphic) if X and E are
smooth (respectively complex) manifolds and 7 and h from the previous definition are smooth (respectively
holomorphic).

Remark 4.3. Let (U, he), (Ug, hg) be local trivialisations of a K-vector bundle. The induced map
9ap : Ug N Ug — GL(1,K)
P HE o (o)™
is called transition function. It satisfies the compatibility conditions:
1. gap © gy © Gya = Id on U, N Ug N U, and
2. gao =1d on U,.

If the local trivialisations of the K-vector bundle are smooth (holomorphic), then the transition functions
are smooth (holomorphic). The converse of this statement is not literally true, but the next proposition
serves as some sort of a converse to this statement.

Proposition 4.4. Given a covering {U,} of X and for each a,  a smooth (respectively holomorphic) function
9ap : Uy N Ug — GL(r,K) satisfying conditions 1. and 2. from Remark Then there exists a smooth
(respectively holomorphic) vector bundle with these transition functions.

Proof. We give the proof idea. Let
E:= U U, x K",
(24

where U denotes the disjoint union. On E we define the equivalence relation ~ as follows: for (x,v) € UpxK”"
and (y,w) € Uy X K" let
(x,0) ~(y,w) = y=xandw=gup(x)o.
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Set E := E/~ and
7:E—>X
[(x,0)] — x.

One checks that E is well-defined and has the trivialisations with transition functions as claimed in the
proposition. o

Definition 4.5. Let X be a complex manifold and let 7: E — X and n’: F — X be holomorphic vector
bundles on X. A morphism of vector bundles ¢: E — F over X is a holomorphic morphism such that
7 = ' o ¢ and such that, for each x € X, the induced map ¢(x): E(x) — F(x) is linear and the rank of
¢(x) is independent of x € X.

Example 4.6 (Trivial bundle). Let X be a complex manifold and let E = X x C". Then E is a holomorphic
vector bundle of rank r. E is called trivial bundle of rank r.

For r = 0, we obtain the zero vector bundle, i.e. the vector bundle E = X whose fibers are all zero dimen-
sional.

For r = 1, we get the trivial line bundle over X, which is denoted by Ox or C.

Example 4.7 (Algebra of vector bundles). Let E and F be vector bundles over a complex manifold X of rank r
and s respectively. Then for every “nice” operation on the vector spaces, there is a corresponding operation
on the vector bundles. Here are a few examples:

+ The direct sum E & F is the holomorphic vector bundle over X of rank r + s whose fiber over x € X
is E(x) @ F(x).

« the tensor product E ® F is the holomorphic vector bundle of rank rs whose fiber over x € X is
E(x) ® F(x).

« the p-th exterior power A’E of E is the holomorphic vector bundle whose fiber over x € X is the
exterior power A'E(x). In particular, the determinant bundle of E is det E := A"E. Note that det E is
a line bundle.

« The dual bundle E* of E is the holomorphic vector bundle whose fiber over x € X is the dual E(x)".

« If ¢: E — F is a morphism of vector bundles, then the kernel ker ¢ of ¢ is the holomorphic vector
bundle whose fiber over x € X is the kernel of ¢(x): E(x) — F(x). The cokernel coker¢ of ¢ is the
holomorphic vector bundle whose fiber over x € X is the kernel of ¢(x): E(x) — F(x).

Proposition 4.8. The set
O(-1) :={(x,0) e CP" x C™! : v € x}

has a canonical structure of a holomorphic vector bundle over CP".

Proof. Let r : O(—1) — CP" be the projection onto the first component. Let CP" = U? U; be the standard
affine cover of CP". Define

(ﬁi : 7T_1(Ui) — Ui x C

(x,0) — (x,v;), where v; denotes the i-th entry of v.
Exercise 4.9. Check that the transition maps are given by

Vij([xo:+:x,]): C—>C

Xi
V= —u
Xj

forlxo:---:x,] €UiNUj.

15



Thus, the i; define a complex structure on O(—1), and it follows from the definition that 7 and ; are
holomorphic with respect to this structure. Thus, O(—1) is a holomorphic vector bundle. O

Definition 4.10. The line bundle O(-1) is called the tautological line bundle on P". The line bundle O(1)
is defined as the dual O(—1)* of O(-1). Furthermore, for any k > 0, we define

ok) =0 =01 ®---®0(1),
O(-k) =0(-1)% =0(-1)®---® O(-1)

We also define O(0) to be the trivial line bundle Opr. Sometimes, we include the subscript P” in the notation
Opn (k) to indicate which projective space the line bundle lives over.

Exercise 4.11. Find the transition functions for the bundle O(1) in a trivialisation of your choice.

The bundles O(k) are very important as building blocks of other holomorphic vector bundles. On CP! the
situation is particularly simple, and every holomorphic vector bundle is just a sum of these line bundles:

Theorem 4.12 (Grothendieck lemma). Every holomorphic vector bundle E on CP! is isomorphic to a holo-
morphic vector bundle of the form P O(a;).

Proof. [f7, Corollary 5.2.8]. o
In general, the situation is much more complicated. For example, there are many open questions about
holomorphic vector bundles on CP?.

Definition 4.13. Let f : Y — X be holomorphic and 7 : E — X be a rank r holomorphic vector bundle. The
set

f'E={(y,0) €Y XE: f(y) = n(e)}
is called the pullback of E to Y.

Proposition 4.14. The set f*E has a canonical structure of a rank r vector bundle overY.

Proof. Let {U;} be a cover of X and ¢; : 7~ }(U;) — U; X C" be a trivialisation of E. Define 7’ : f*E — Y as
7' (y,0) = y. Then {f~1(U;)} is a cover of Y and trivialisations of f*E are given by

g ()TN U)) = fHU) x €
(y,0) = (v, p2(¥i(0)),

where p, : U; X C" — C” denotes the projection onto the second component. As in the proof of Proposi-
tion |4.8| that the maps ] define a complex structure on f*E making it a holomorphic vector bundle. O

Definition 4.15. Let Y be a complex manifold and let X C Y be a complex submanifold, with inclusion map
i: X > Y. Then E|x := i"E is called the restriction of E to X.

Definition 4.16. Let 7: E — X be a holomorphic vector bundle over a complex manifold X. A section of
E is a holomorphic morphism s: X — E such that & o s = Idx. The space of holomorphic sections of E is
denoted by H(X, E).

Remark 4.17. Every holomorphic vector bundle E — X admits the zero section, which in a trivialization

E|ly, = U; X C" is given by x = (x,0).

Exercise 4.18. A holomorphic line bundle L — X is isomorphic to the trivial line bundle if and only if it admits
a section that is nowhere zero.

Definition 4.19. Let E — X be a rank r holomorphic vector bundle. Sections sy, .. .,s, € H°(X, E) with the
property that s;(x),...,s,(x) are a basis of E, for all x € X are called a frame of E. If U C X open, then a
frame of E|y is called a local frame.
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Local frames exist for all holomorphic vector bundles, frames need not exist.
Example 4.20 (Tangent bundle). Let X be a complex manifold of dimension n and for each x € X, let T,°X
be the holomorphic tangent space of M at x. Let T)l(’o = UygexT°X with the morphism 7: T;(’O — X such

that 771(x) = T}°X for each x € X. We want to show that T;(’O is a vector bundle of dimension n. Let
{(Ug, ¢o)} be a holomorphic atlas. Then, ¢,(U,) € C" and for each x € Uy, the Jacobian of ¢, at x defines
a linear map

d d
1,0 1,0 — _—
T,"X — T¢Q(X)¢Q(Ua) = spang {821,..., 82,1}

which induces a map
Vo: 1 (Uy) = U TYX — U, x C".
xeUy
One checks (as in the proof of Proposition [4.8| or Proposition[4.14) that this defines a complex structure on

T;{O. Thus, T;go is a holomorphic vector bundle, called the tangent bundle of X. Note that 8%1, e a_fn define
a local frame.

Example 4.21. The cotangent bundle Q} of X is the dual of Tx. For each p > 1, we denote Qi = APQL.
For the case p = n, the vector bundle QY is of special importance and is called the canonical line bundle

of X. A section of T)l(’0 is called a holomorphic vector field on X. A section of Qf( is called a holomorphic
p-form on X.
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4.2 Almost complex structures and the complexified tangent bundle revisited

Definition 4.22. Let X be a differentiable manifold. An almost complex structure on X is a differentiable
vector bundle isomorphism J: Txg — Txr such that J? = —Id. The pair (X, J) is called an almost complex
manifold.

Remark 4.23. Here, smooth means that J represented in a local trivialisation (Uj, ;) of the real vector
bundle TX is a smooth map U; — GL(n, R). Equivalently, J is a smooth section of the R-vector bundle
End(TX) = TX ®r (T*X).

Proposition 4.24. A complex manifold X admits a natural almost complex structure.

Proof. Let x € X and (U, ¢) be a complex chart around x The map

]x : T[R,XX — TR,XX
[yl = [¢7 (- 4]

from Deﬁnition satisfies ]f = —Id. It remains to check that J is smooth in x. Writing ¢ = (z1,...,2,)
and zj = xi + iyx we have that Tr ;X = spang { 2_(y), a—zk(y)} and

oxg
0 1 0 0
-1 0 0 0
Jy = :
0 0 0 1
0 0 -1 0
in this basis. This is constant in y, in particular depends smoothly on y. O

Proposition 4.25. If a smooth manifold admits an almost complex structure, then it is orientable.

Proof. We only give the proof for complex manifolds and leave it as an exercise to extend it to the case of
almost complex manifolds.

One definition of orientation is an atlas in which the Jacobians of the the transition functions have positive
determinant. A complex atlas satisfies this condition, as we will now check. Let (U, ¢o) and (Ug, ¢g) be
complex charts. Then d (qﬁaqﬁlgl) : R? — R2" is complex linear by exercise sheet 1. Let L : C* — C" denote

the corresponding complex linear map. Then
detr(d ((ﬁa(ﬁﬁ_l)) = |detcL|* > 0,
where in the second step we used exercise sheet 2. This proves the claim. O

Definition 4.26. Let (X, J) be an almost complex manifold. Extend J complex linearly to J : Te X — TeX
and let

T%! := i-eigenspace of J C TcX,
T := (—i)-eigenspace of J C TcX.

Note that on complex manifolds we made a different definition for the holomorphic and anti-holomorphic
tangent bundle, and we saw in Remark[3.12]that their description as eigenspaces of ] was a consequence of
this definition. Because of this, we mimic this on almost complex manifolds in Deﬁnition where no
other definition of holomorphic tangent bundle exists.

18



Remark 4.27. By Definition [4.26| we have

TXX =Ker(J —i - 1d),
T%'X = Ker(J +i - 1d),
so by Example [4.7| they are complex vector bundles. They are not holomorphic vector bundles, because

that definition only makes sense on complex manifolds and (X, J) is only assumed to be an almost complex
manifold.

Definition 4.28. Let V be a real vector space. The map
() :Ve > Ve
V@A 0®A

is called conjugation. Let (X, J) be an almost complex manifold. Then this extends to 6 : TeX — TeX
satisfying T*!1X = T10X.

If (x1,...,xp) are local coordinates on X, then let

0 1( 0 d

i Bl ) R B

9z; 2\ ox; ox; )
3k

0 1( 0 . 0

— == +i] =],

zZ; 2\ ox; ox;

and one checks that

0 7]
Tl’OX = _— = —(,
spaneg { aZi } Spang { aZi }

a a
T"'X = —¢= —-
spang {az,- } spang {8z,~ }

The bundles T%°X and T*'X have rank (dim X)/2 viewed as complex vector bundles. In equation (*) above,
the vector fields aiz and aiz respectively form a basis over R, but they are linearly dependent over C.

Here comes a reminder about the Lie bracket (also known as the vector field commutator): Let M be a
smooth manifold with local coordinates x1, . .., x,. Let [-, -] : X(M) — X(M) for

n n

P)
X=)X—, Y=) Yi—
. X -

be defined as

n

Y] = X0 - Y (X))

i=1 !

Then [X, Y] is called the Lie bracket of X and Y.
Proposition 4.29. The Lie bracket has the following properties: for X,Y,Z € X(M), L, p € R, f € C*(M):
1. (Skew-symmetry) [X,Y] = —[Y, X],
2. (Bilinearity) [AX + pY,Z] = A[X, Z] + plY, Z],
3. (Jacobi identity) [[X,Y],Z] + [[Y,Z]. X] + [[Z,X], Y] =0,
4 [XY]f =X(Y(f) - Y(X(f),
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5. onR™ [X,Y] =X(Y) - Y(X),
6. [fX.gY] = fglX. Y]+ fX(9)Y +gY(f)X,
7. ifx1,...,x, are local coordinates, then [aix,»’ %] =0 foralli,je{1,...,n}.

Definition 4.30. Let X be a differentiable manifold. An almost complex structure J : Txg — Tx g is called

integrable if the Lie bracket of any two sections of T;;’l is again a section of T)(;’l.

Here the Lie bracket on sections of T)g’l is induced by the usual Lie bracket of sections Tx g, i.e. the Lie
bracket of vector fields on X, via complexification.

Proposition 4.31. Let X be a complex manifold. Then the almost complex structure | : Txr — Txr from
Proposition|4.24) is integrable.

. 0,1 . n 2} ) :
Proof. Each section of T, has a local expression X7, fjg.j, where f; are C*-functions. For any two sec-

: n 2} n 0 0,1
tions 27, fj 5= and X7, 9ivs of T, we have

aZj
n n n n
d d d ad
[fo;-,z_ 91‘5—,.] " . [ffy’gka]
Jj=1 J 1

SN (L 0k O af; o
fja—_—_—gk—_—_ s
Z; 0Zk 97y 9Z;

where in the second step we used properties 6 and 7 from Proposition[4.29] The result is evidently a section

of T;;’l as well. m]

Remark 4.32. This proof fails for almost complex manifolds. Even though we can still define %, we can
only apply property 7 from Proposition [4.29]if they come from complex coordinates.

Remark 4.33. On an almost complex manifold (X, J) define the Nijenhuis tensor as
Ny(V,wW) = [V, W]+ J([JV. W] + [V, JW]) = [JV, W]

for V,W € C*(X,TX). Then ] is integrable if and only if N;(V,W) = 0forall V,W € C*(X,TX).

The previous remark is an exercise that is not very hard to prove. The following theorem however is a deep
theorem requiring PDE techniques to prove it, and we will not give its proof in this course:

Theorem 4.34. (Newlander-Nirenberg) Let X be a differentiable manifold. Let ] : Tx x — Tx r be an integrable
almost complex structure.
Then X admits a structure of complex manifold that induces J.
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4.3 Dolbeault cohomology of a complex manifold

Let X be a complex manifold. By taking the dual, the decomposition TcX = T°X @& T%1X induces a

decomposition
1 R _ 1,0 0,1
Qxc=Txc=Qy ®Qy

and by taking the k-th exterior power of Qx ¢, we have

Ty

prq=k
where

bt = /p\ Qe K oY
X

is the vector bundle of (p, g)-forms.

Definition 4.35. Let X be a complex manifold. A (p, g)-form (or a form of type (p,q)) on X is a section of
the complex vector bundle Qf(’q.

Note that in local coordinates a (p, g)-form on X can be written as

w = Z ail,__.,ip,jh_,_,jqdzil ANEEIAN dZip A dEjl AN A dzjq,

ilr--’ip’jlr--’jq
where a;,__i, j;....j, are smooth functions. To simplify the notation, we will denote
dzr =dziy A+ A dzip and dzy=dz; A--- A dqu,

so that
w = Z OZIJdZI A dE].
[1|=p.lJ|=q

Recall that for a real manfiold X, we can consider the exterior differential
d: ¢ (x,0k) - ¢ (x, 941),

where C* (X, Qé‘() stands for the space of C*-sections of the vector bundle Qé‘(. Recall that the differential
satisfies the Leibnitz rule and the property d o d = 0, i.e. d(d(w)) = 0 for every w € C* (X, Qf()

Definition 4.36. Coming back to the case when X is a complex manifold, the expression d ® Idc defines an

exterior differential on the complexified cotangent bundle Q; > Which we still denote by d:

d: 0™ (x. 0 c) - o (x.0kd).

Elements of C® (X, Qé‘(c) are called complexified k-form on X. Clearly, d still satisfies the Leibnitz rule
and the property d o d = 0. Let w € C®(X, Qféq). Then dw € C*(X, Qf:g“). More precisely, if we write

w = Z O{IJdZ[ A dE],
[I1=p.|J1=q

where a7 ; are smooth functions, then

dow = Z 3(0(1,]) Adzp A dE] + Z (_9(0{[’]) Adzp A dE]
Hl=p.lJ1=q I1=p.lJ1=q

21



where, for every smooth function a, we write
n n
[ele4 - da
oo = —dz; and Ja = —dz;.
Z oz; Z oz;
j=1 %I j=1

Note that
d=0+9,

i.e. for each for each smooth function «, we may write
da = da + 9a,
where da € Cm(Q;O) and da € C""(Qggl). More in general, if w € C°"(Q§<’q), then we can define
ow := Z dary) Ndzr Adzj 0w = Z a(ary) Adzr Adzy
Hl=p.lJ1=q Hl=p.lJ1=q

and, we have
dow = 0w + dw,

i.e. also in this case we may writ_e d = 9+ 9. Note that dw € Cw(Qf(“’q) and dw € C°°(Q§’(’q+1). By (4.35)
and by linearity, we have that 9, d can be extended as linear maps

9,9: C¥(X, Q% o) = C™ (X, Q).
Lemma 4.37 (Properties of @ and d). Let X be a complex manifold.
1. The maps d, 9, and @ map between the following spaces:
d=0+09:C¥(X, Q% ) = C™(X, QD).
9:C¥(X, Q) — (X, Q™Y), and
5:C¥(X, Q%) — (X, QR

2. (Leibniz rule) Let w € C*(X, QK ) andn € C*(X, Q4 ).
Then
NwAn) =dwAn+(-1)*w Aan
and

Nw An) =dwAn+ (-1 w A dn.

3. The following hold:

=0, 30+20=0, 2 =0.

Proof.
1. This follows directly from the definitions.

2. By linearity, we may assume that o has type (p,q) and 1 has type (p’,q’), where k = p + q and
¢ = p’ + ¢q'. By the Leibnitz rule for d, we have

d(wAn) =dw An+(-D)*0 Adn.
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Thus,
(0+9)(w A n) =d(wAn)

=dw An+ (=)o Ady
=aw/\r]+5w/\ry+(—1)kw/\af7+(—1)k(o/\z_9q
= (6w A+ -k A 817) + (z_?w A+ (-Dko /\517)

gives a decomposition in forms of type (p+p’ + 1,9+ ¢’) and (p + p’, q + ¢’ + 1) respectively. Thus,
the Lemma follows.

3. By linearity, it is enough to check the equalities on a form w of type (p, g). Since d o d = 0, we have
0=d’w=(0+09)w
= 9w+ (90 + dd)w + ER

Since #*w, (99 + 3d)w and 3 w have different type, i.e. type (p+2,q), (p+ 1, g+ 1) and (p,q + 2)
respectively, they must all vanish.

Definition 4.38. For each pair (p, q), we define
ZP9(X) : = Ker (5: C® (X, Q0T) - (X, ngﬂ))
={w € C¥(X, Q%) | 90 = 0}
and, for each q > 1, we define
, - 3. C® P.q-1 oo P:q
BP9(X) : = Im (a. C®(X, Q8T 5 (X, b ))
={w e C7(X, Qféq) | @ = an for some n € C¥(X, Qféqfl)}

For convenience, we define 87 = 0 for each p.
The standard terminology is to say that the forms in Z#7 are d-closed and the forms in 879 are J-exact.
By the previous Lemma, it follows that

BPI(X) ¢ ZPI(X)

for each p, g.
Thus, we may define
HPI(X) = ZPU(X)/BPUX).

The group H?9(X) is called Dolbeault cohomology group of X. Each H”9(X) is manifestly a C-vector
space. If it is finite dimensional, then its dimension

h?4(X) = dim H?1(X)
is called a Hodge number of X.

We first study the groups H??(X).
Proposition 4.39. Let X be a complex manifold and let p > 0 then we have an isomorphism

,0 ~ g0 y4
HPY(X) ~ HY(X, ),

where the notation on the right hand side stands for the space of holomorphic sections of %, as in
In particular, if X is compact, then H**(X) = C.
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Proof. We have
HPY(X) = ZPO(X) = {w € C¥(X, @2°) | 9w = 0}.

Letw € Cw(Qf(’O) such that dw = 0. Locally, we may write
o= Z adz;,
[I|=p
where a7 is a smooth function for each I. Then
0=0oa= Z iasz-/\dz
ST L T
[Tl=p
Since, locally the forms dz; A dz; are linearly independent, it follows that

d .
—ar=0 for every I, j.
aZj

Thus, a7 is holomorphic for every I. In particular, o is a holomorphic section of Qf(. Similarly, if w is a
holomorphic section of Qf( then [w] € HP(X).
The last part of the Proposition follows from Theorem 3.7} |

Recall that for a ball B in R" (or possibly infinite radius), de Rham cohomology H*(B) vanish for k > 1.
The following is a complex analogue of this fact (for the proof, see Corollary 1.3.9 in Huybrecht’s textbook)

Lemma 4.40 (9-Poincaré lemma). Let D be a polydisc D(c,r) C C", where some (or all) of the components of
the polyradius r = (1, ...,rn) are allowed to be infinite.
Then HP9(D) = 0, forp > 0,q > 1.

Proof. [f7, Corollary 1.3.9]. ]
The following is a complex analogue of Poincaré duality:

Theorem 4.41. (Serre duality) Let X be a compact complex manifold of dimension n. Then for all p, q, we have
HP9(X)* = H" P"~9(X). In particular, the Hodge numbers h?9(X) and h"~P"~9(X) are equal.

Even though it is a statement about complex manifolds, its proof uses techniques from Kahler geometry
involving a choice of Riemannian structure on the underlying manifold. We will cover Kiahler manifolds
later, but we may not get as far as to prove this theorem.

4.4 0 operator on a holomorphic vector bundle

Definition 4.42. Let E be a holomorphic vector bundle over a complex manifold X. For each p,q > 0, we
consider the complex bundle Q‘;’q (E) = Qf;q ® E. The sections of Q‘f(’q ®E are called E-valued (p, q)-forms.

Proposition 4.43. LetE be a holomorphic vector bundle over a complex manifold X. Then there exists a C-linear
operator

95 : C=(X, QF1(E)) — C(X, QT (E))

with &% = 0 that satisfies the Leibniz rule

Je(fa) = a(f) A a+ fog(a),

for any C*®-function f : X — C and ¢ € C* (X, Qf(’q(E)).
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Proof. Let sy, ..., s, be a (holomorphic) local frame of E defined over an open set U C X, as in
Then any section @ € C*(X, Qf(’q(E)) locally has the expression a = Z;zl aj®s;j with a; € C*(U, Qq).
We define

op(a) == Zé((){]) ® S;j.
7=

We claim that this definition does not depend on the choice of the local frame. Let s7,...s; be a different
holomorphic local frame of E over U, and dj, be the corresponding operator. Then we can express s; =
- Vijs;, 1 < i, j < r, where all ¢;; are holomorphic functions U — C. Then

r

r r r
Za]’®$‘j =Zaj® (ZI//US;) :Z
j=1 j=1 i=1

r

Z Yija,

=1

’
® ;.

i=1

Using the Leibniz rule for d (Equation 4.37), we get d(¢;;a;) = ;;0(e;). Therefore,

I (a) = Zr: P (2 lj/ijaj) ®s; = 2 (Zrl Yijo(a;)
j=1 J=1

i=1  \j i=1

[
®s; =

r

= z’: d(aj) ® (2 lPijsf) = Z d(aj) @ sj = Ip(a).
j=1 i=1

j=1

This proves that Jg is well-defined. Checking 9% = 0 and the Leibniz rule for g is left as an exercise. O

Exercise 4.44. Prove that the operator dg constructed in the proof of satisfies the following

conditions
1. dg(s) = 0, for every locally defined holomorphic section s of E, and
2. (more general version of the Leibniz rule)
dp(a A B) =a(a) A B+ (=1)P"a A dp(B),

fora € C°(X,Q8), B e C=(X, Q) (E)).
Prove that there is a unique dg as in satisfying the additional conditions 1)-2).

4.5 Dolbeault cohomology of a holomorphic vector bundle
Definition 4.45. Let E be a holomorphic vector bundle over a complex manifold X. Let 9 be the operator

consructed in the proof of [Equation 4.43] For each q > 0, we define

3. oo 0,q9 e 0,g+1
. Ker (aE.C (X, QM (E)) — C=(X, Q% (E)))  zuxE)

m (3 5 C(x, Q47 (B) — C(x, 7(E))) BIX.E)

The groups H9(X, E) are called Dolbeault cohomology groups of E. Note that previously defined Dolbeault
cohomology groups of X are recovered by HP9(X) = H(X, Qf(). By h9(X, E) we denote the complex
dimension of HY(X, E) viewed as a C-vector space.

Let n be the complex dimension of X. Then Qgéq is the zero vector bundle, if ¢ > n. Therefore, H1(X,E) = 0
for g > n.
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Remark 4.46. Note that each HY(X, —) is a covariant functor, in the sense that for a holomorphic bundle
morphism « : E — F, there is a C-linear map H?(X, E) — H4(X, F). The latter is induced by applying 1 ® «
to a element of C*(X, Qg;q ® E). The fact that a is holomorphic implies that 1 ® & sends dg-closed (resp.
dg-exact) E-valued (0, g)-forms to dp-closed (resp. dg-exact) F-valued (0, q)-forms.

The following fact can be deduced directly from the definitions.

Lemma 4.47. For two holomorphic vector bunldes E and G over X, we have
HY(X,E® G) = HY(X,E) ® HI(X,G), forallq > 0.

Let us discuss an important generalization of Lemma |4.47] which is serves as a major computational tool.

Definition 4.48. Let E, F, G be holomorphic vector bundles over X. We say that the sequence of holomorphic
bundle morphisms

a B

0 E F G 0

form a short exact sequence, if for each x € X, we have the short exact sequence of C-vector spaces

a(x)

0 E(x) F(x) 2

G(x) 0,
that is, a(x) is injective, f(x) is surjective, and Im(a(x)) = Ker(f(x)).
Proposition 4.49 (Long exact cohomological sequence). Let

a B

0 E F G 0

be a short exact sequence of holomorphic vector bundles over a complex manifold X. Then there is an exact
sequence of C-vector spaces of the form

0 —— H(X,E) —— H*(X,F) —— H°(X,G) (%)

HY(X,E) — H'(X,F) —— H'(X,G)

HY*(X,E) —— ...

Recall that exactness of a sequence of vector spaces means that at each position the image of incoming
morphism equals the kernel of the outgoing one. In order to prove this theorem, we will use the Snake
Lemma:

Proposition 4.50 (Snake Lemma). Consider the following commutative diagram of vector bundles where the
rows are exact sequences:
B

\
7

~
(e

Q<&-Q

N

7
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Then there exists § : Ker(dg) — CoKer(dg) fitting into the following exact sequence:

kerdg —» kerdp ——» kerdg

E—nF»F——-—PG——>»0

.

0———»E ——»F ——» G’

——» CoKerdg —» CoKerdr —» CoKerdg

Proof. Construction of §: Let 7 € ker di. Because f is surjective, there exists o € F such that (o) = 7. We
have f'(dr(0)) = dg(f(0)) = dc(r) = 0. Because of exactness at F’ in the original diagram there exists
p € E’' suchthat o’ (p) = dr(0). As a is injective, we have that p is unique. We define §(r) = [p] € CoKer dg.
Check that § is well-defined: in the construction we could have chosen ¢’ € F instead of 0. Let a’(p’) =
dp(c’). Then (o —0’) =0,s0 0 — ¢’ = a(x) for some k € E. Thus, a(p — p’) = dr(c — 0¢’) = dp(a(k)) =
o' (dg(x)). By injectivity of «’, this means p — p’ = dg(k), i.e. [p] = [p’] € CoKer(dE).

Exactness checks: we must check that Im f(kerdr — kerds) = Ker§ and Im§ = Ker a’. We check that
Ker § C Im B, the other checks are analogous. Let §(7) = [p] = 0 € CoKerdg, i.e. p = dg(&) € E’ for some
& € E. With the notation from the construction of §, we have that (o — a(§)) = (o) = 7, so we know
that r € Im §(F — G), but it remains to check that the preimage o — a(¢€) is actually in ker dF, not just in
F. That is the case, because dr(o) = @’ (p) = @’ (dg(&)) = dr(a(£)), therefore dp(o — 2 (&)) = 0. O

We are now ready to prove Proposition [4.49}

Proof of Proposition The horizontal arrows in (*) of Proposition were defined in Remark For
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the diagonal arrows: from the Snake Lemma we get:

kerg —————p» kerd —————————» kerd

C® (X, Q1(E)) —» C=(X, QY(F)) —» C=(X, Q31(G)) ———————» 0

i i i

0 —————» C°(X, QYT (E)) —» C¥(X, QYT (F)) —» C(X, Q37(G))

» CoKerg —» CoKerg ——» CoKerd

For this to be a well defined map &, : HY(X, G) — H9"!(X, E) it remains to check that
1. 64(BY(X,G)) =0, and

2. 5(5q(r)) =0forall r € Z9(X, G).

For point 1, let 7 = 3¢ € C®(X, Qg&q(G)). Let 7 such that (n) = & Then B(dn) = a(B(n)) = a(¢) = 7.

Therefore 64(7) = &4 (3(&)) € a™*(99n) = a~'(0) by the definition of &4 from the proof of Proposition
But « is injective, so d4(7) = 0.

For point 2., we have with the notation from the proof of Proposition for §4(7) = [p]: a(dp) =
d(a(p)) = 39(c) = 0. As a is injective, we have that 9p = 0. )

Note that in the proof of the existence of the long exact sequence, the only property of the d-operator we
used was that 99 = 0. This is the reason why in every cohomology (or homology) theory one gets a long
exact sequence in cohomology (or homology) from a short exact sequence.

Serre duality (Theorem[y.41) generalizes to Dolbeault cohomology of holomorphic vector bundles as follows:

Theorem 4.51. (Serre duality) Let X be a compact complex manifold of dimension n. Let E be a holomorphic
vector bundle over X. Then for all 0 < q < n we have

HY(X,E)* = H" 1(X,E* ® Kx),

where Kx = QY is the canonical line bundle of X.
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4.6 de Rham Cohomology

Similarly as in Section given a complex manifold X of dimension n, we define, for each k > 0,
ZF(X) = Ker (d: C¥(X, Q% o) - C¥(X, Qféé))
={w e C(X, Q% o) | do = 0}
and, for each k > 1, we define
B*(X) :=1Im (d: C¥(X, Q) — C7(X, Q;C(,a:))
={w e C™(X, Qé}’c) | @ = dn for some n € C*(X, Q;C(_é)}

For convenience, we define 8° = 0.

Since d o d = 0, it follows that
BK(X) c ZF(X)

for each k > 0.

Thus, we may define
H*(X,C) = ZF(X) /85 (X).

The group H*(X) is called the de Rham cohomology group of X. If it is finite dimensional, then their
dimension
be(X) := dimH* (X, C)

is called Betti number of X. The Euler characteristic of X is defined as
2n
X(X) = D (=1 by
k=0

Similarly, by considering only real forms, i.e.
ZE(X) = Ker (d: C¥(X, Q% ) — C¥(X, QQ&))
={w € C¥(X, Q%) | dw = 0}
and, for each k > 1, we define
BE(X) = Im (d: Cx(X, Q) — (X, QQR))
={w e C7(X, Qé}’R) | @ = dn for some n € C*(X, Qf{ué)}

then we can define
HY (X, R) = ZE (X) /B (X).

Remark 4.52. If X and X’ are diffeomorphic complex manifolds then H* (X, C) ~ H*(X’, C) for any k > 0.
Moreover, if X is a complex manifold, then for any k > 0, we have

H*(X,C) = H*(X,R) ®g C.
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5 Connections, curvature and metrics

5.1 Connections
Definition 5.1. Let E — X be a complex bundle. A connection on E is a C-linear map
V:C®(X,E) = C¥(X,Qy ¢ ®F)
satisfying the Leibniz rule
V(fs)=df ®s+f Vs
for any local function f on X and any local section s of E.
Definition 5.2. A section s € C*(X, E) is called parallel if Vs = 0.

Proposition 5.3. Let V, V' be connections on E — X. Then V — V' is C* (X, C)-linear and therefore defines an
element in C* (X, Q;( ¢ ® End E). Here, C* (X, C)-linear means that
(V=V)(f-s)=f-(V=V)(s)

foralls € C*(X,E) and f : X — C smooth.
Conversely, if V is a connection and a € C* (X, Q;(C ® EndE), then V + a is again a connection on E.

Proof. The property (V—-V")(fs) = f(V—V’)s follows from the Leibniz rule for V and V’. Thus, for V € T, X
the map

VV - V%, : Ex — Ex
s(x) = ((Vy — V{,)s)(x) for a local section s of E

is well-defined, i.e. independent of the choice of s. That is, (V — V') € C*(X, Q;(C ® EndE).
For the second part observe that
(V+a)(fs) =V(fs) +a(fs) =df ® s+ fVs+ fa(s) =df @ s+ f((V + a)s),
i.e. V + a satisfies the Leibniz rule and is therefore again a connection. O

Corollary 5.4. The set of all connections on a complex vector bundle E — X is in a natural way an affine space
over the infinite-dimensional complex vector space C*(X, Qf. » ® End E).

Remark 5.5 (Local calculations). On the trivial bundle E = X X C" we can define the trivial connection
d:C*(X,C) - C¥(X,Qy c ®C).

By the previous corollary, every other connection is of the form V = d + A for A € C* (X, Q;( c ®EndE) =
C™(X, Q;m: ® C"™*"), where A is called a matrix-valued 1-form.
For a general bundle E — X with connection V, let ¥ : E|y — U X C’ be a trivialisation. We can
then write V. = ™! o (d + A) o 1. People often use the shorthand notation "V = d + A”. Here, A €
C¥(X, Q) ¢ ® C™") depends on the choice of trivialisation . For example, if ¢ : U — GL(r, C), so that /'
is a second trivialisation satisfying ¢ - ' = i/, we have:

V=(y) o (d+A) oy
for A’ = 71 d¢p + ¢~1A¢. This holds because

YA+ A =y gp T (d+ A)gd Y
=) (¢ (d+a)gy’
= ()¢ (dp) + T g d+ T AP,

——
=Id
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where we used the product rule for matrix valued functions
d(¢-s)=(d¢)-s+¢-(ds) fors € C*(U,C")

in the last step.
Furthermore, for xy € M one can always choose ’ such that A’(x,) = 0. For this, one can choose

$(x) =1d - Z x;A:(0) + hott.,
i=1

where (x1, ..., x,) are local coordinates around x, which have x; as the origin, and the A; are given by

n
A= ZA, dxi.
i=1

Definition 5.6. Let E — X be a complex vector bundle. We define an extension of V to a map

V:C(X, Q¢ ®E) > C¥(X, QYL ® F)

by requiring that it satisfy the Leibniz rule
V(a®s) = (da) @ s + (-1)ka A Vs

for a local k-form « and a local section s. Check that then also the generalised Leibniz rule holds for
teC™(X, Q% (®E)and f e C(X,Qk )

(VBAL) =d(B) At+(-1)KB A VL.
Definition 5.7. The curvature Fy of a connection V on a complex vector bundle E — X is defined as
Fy:=VoV:C%(X,Q%c®E) - C°(X,Q% c ®F).
Lemma 5.8. The curvature Fy is C* (X, Ox)-linear, i.e. Fy € C*(X, Q;C ® End(E)).
Proof. To check linearity, note that
Fy(fs) =V(V(fs)) =V(df ®s+fVs)=ddf ® s—df AVs+df AVs+ fVVs.
One sees as in Propositionthat this implies Fy € C*(X, Q;C ® End(E)). O

The following lemma gives an alternative formula for the curvature. The curvature of the Levi-Civita con-
nection of a Riemannian metric is usually written in this way.

Lemma 5.9. Let E — X be a complex vector bundle. Let V,W € T, X and & € E,. Let V,W € X(X) extensions
of V. and W, i.e. vector fields satisfying V(x) =V and W(x) = W. Let s € C*(X, E) be an extension of &, i.e.
s(x) = & Then

Fy(V,W)¢&é = (VT,VWS = Vi Vs - V[V,W]s) (x). (%)
Proof. By Lemma the left hand side of equation (%) is C*(X, Ox)-linear by Lemma One checks

that the right hand side of equation (x) is also C* (X, Ox)-linear. Because of this, it suffices to check the

equality for V= % and W = %, where (x3, ..., xp) are local coordinates on X.
i J
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Then

FR(V,W)é=|V

dek ®Va;?s)) (‘7, W)(x)
- «

= (— de Adx; ® Vo Vo s| (V,W)(x)
oxp Oxk
k.l
= (V"}V’W’S - vaﬁs) (x)

Vf,VWs - va‘;? - V[v’w]s (x),
—
=0

where in the second step we used the Leibniz rule and d dx; = 0; in the third step we used

o 0
dx A dg | ——, == | = 8kidlj — 8130k
Xk xl(axi axj) kiOLj — O1iO;j

and in the last step we used that canonical basis vector fields commute, see Proposition[g.2g|point 7. O
Proposition 5.10.

1. Let V.= d + A be a connection on the trivial bundle E = M X C". Then Fy = dA+ A A A, where
ANAeC®(M, Qi,m ® EndE) is defined by (AN A)(V,W) = A(V) 0o A(W) — A(W) o A(V), where o
denotes composition of endomorphisms.

2. Let Y, ; E |[y— U X C" be two local trivialisations of a bundle E such that ¢ -y’ = . Let V =
YI(d+ Ay = (¢)"1(d+ A) Y be the local formulae for V. Then

dA + A" ANA = ¢ (dA+ANA).

3. Let V be a connection on E and a € C* (M, Q}, . ® EndE), then

Fyia=Fy+V(a)+aAa.
4. (Bianchi identity) V(Fy) = 0 € C®(M, Qz3vrc ® EndE).

Proof.
1. We have
Fy(s) = (d+A)(d+A)s = dds +d(As) + A A (ds) + (AAA)s = (dA)(s) + (A A A)s.
——
=0

For the second inequality we used the Leibniz rule from Definition 5.6|and for the last inequality we
used the Leibniz rule d (As) = (dA)(s) — A A ds for d.

2. This is left as an exercise.
3. We have
Fyia(s)=(V+a)(V+a)s=VVs+aras+ V(as) +a(Vs)=Fy(s)+aAas+ (Va)s,
——
(Va)s—a(Vs)

where V(as) = (Va)s — a(Vs) follows from writing s = } ;s; in a local frame, and as = 3, ; @;si,
and then using the Leibniz rule for d in this frame.

4. This is also left as an exercise. m]
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5.2 Hermitian metrics

Recall the following definition:

Definition 5.11. Let V be a complex vector space. A Hermitian inner product on V is a function
(,): VXV ->C
such that
o (u,0) =mf0r any u,0 € V,
o (-, ) is C-linear in the first entry,
+ (v,0) > 0 for all v and equality holds if and only if v = 0.

Definition 5.12. Let X be a real manifold and let 7: E — X be a complex vector bundle on X. A Hermitian
metric h on E is defined by a Hermitian inner product

() E(x) XE(x) > C

at each fiber E(x) such that for any open set U C X and for any pair of sections on U, s,t € C*(U, E), the
function
(8C)t(:)):U—>C x> (s(x),t(x))x

is smooth. A complex vector bundle E equipped with a Hermitian metric A is called a Hermitian vector

bundle (E, h).

We now want to describe a Hermitian metric locally around a point. Let 7: E — X and h be as in the
definition above and let x € X. Let s1,...,s, be a local frame for E in a neighbourhood U of x. The
Hermitian metric with respect to such a frame is represented by the (r X r)-matrix of smooth functions
H = (h,’,j), given by

hij(x) = (si(x), 85 (x))x.
Thus, if 0,0’ € C*(U, E) are sections which, with respect to the frame sy, ...,s,, are represented by f =
(fi,- - ,f,)T and f" = (f,.. .,fr')T respectively, then

—
(0(x),0"(x))x = fTHS .

Note that, since h is Hermitian, we have H? = H.

Proposition 5.13. Every complex vector bundle m: E — X admits a Hermitian metric h.

Before proving the proposition, we recall the definition of a partition of unity:

Definition 5.14. Let M be a manifold and let U = {U,} be an open covering. A partition of unity with
respect to U is a collection of smooth functions f,: M — [0, 1] such that

1. Supp(fy) € Uy, for all @ (in particular, f,, = 0 outside U,),
2. Yo fa(x) =1forall x € M, and

3. forall x € M, there exists an open nieghbourhood W of x such that Supp(f,) "W # 0 only for finitely
many a.

Proposition 5.15. Let M be a manifold with open cover U = {U,}, then there exists a partition of unity with
respect to U.

The proof of this proposition fits better into a first course on manifolds, and we do not give it here.
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Proof of Proposition[s.13 Let {Ug} be a trivializing cover for E, and let h, be an Hermitian metric on the
restriction of E to Uy,. Let f, be a partition of unity with respect to the open cover {U,}. Then we may

define
h= Z Fiha.

It is clear that, for every x € X, this defines a Hermitian inner product on E(x). Moreover, if 0,0’ €
C*(U, E), then the function

x5 (0(x), 0 ())x = ) firlo (), 0" (1))
is smooth. Thus, h is a Hermitian metric on E. m|

Definition5.16. Let 7: E — X be a Hermitian vector bundle of rank r. Then, for each p, ¢ > 0, the Hermitian
metric induces a bilinear map

C(X,E® Qf ) X CU(X,E® QF ) — C(X, ¢
(O—’ T) = <O—3 T>

which is locally defined as follows. Let x € X and let sy, ..., s, be a local frame of E in an open set U of X
containing x. If 0 € C*(X,E® Qf( c)and7 € C*(X,E® Qg( ) then locally we can write

r r
0=Zcri®si and T=Zn®si
i=1 i=1

where o; and 7; are smooth p-forms and g-forms on U respectively. Let H be the matrix associated to the
Hermitian metric s with respect to the frame sy, ..., s,. Then we define:

-
(0,7) == 0o HT = Z hij oi AT;.
ij=1
Note that (o, ) is a smooth (p + g)-form on U.

Definition 5.17. Let E be a Hermitian vector bundle on a real manifold X and let V be a connection on E.
We say that V is Hermitian (or compatible with the Hermitian metric on E) if the following Leibnitz rule
holds:

d{o,7) = (Vo, 1) + {0, V1)

forall 0 € C*(X,E) and r € C* (X, E).

Proposition 5.18. Let (E, h) be a Hermitian vector bundle on X. Then for all x € X there exist a neighbourhood
U Cc X of x and a local frame sy, ...,s, € C*°(U,E |y) such that

(si,sj)=0;; for i, je{1,....r}

Proof. This is proved using the Gram-Schmidt orthogonalisation procedure, and we leave the details as an
exercise. m}

Lemma 5.19. Let (E, h) be a Hermitian vector bundle with connection V. Let y = (s1,...,s;) be a local
orthonormal frame. Write V = /~1(d + A)y. Then V is Hermitian if and only if

AT = —A.
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Proof. Since sy, ..., s, is an orthormal frame, the matrix H associated to the Hermitian metric with respect
to the metric is the identity matrix. Let 0 = }}}_; fisi, 7 = 2}I_; gis; be two local C*-sections of E. Then

(@1)=) 13, = "3,
i=1

where f = (fi, fr)T g = (91, ...,g,)T. It follows,
d(o,7) = (df")g+ ' (dg).

We also have
(Vo,1) = (Af +df)'g

= fTATg+ (df")g
and
(0.V1) = fT(Ag +dg)

= fTAg+ f'dg.
Thus, the Leibnitz rule implies .
fIAT +A)g=0

for all f, g. Thus, the claim follows. O

Corollary 5.20. Let (E,h) be a Hermitian vector bundle with connection V. Let H and A be the matrices
associated to a Hermitian metric and a connection respectively, with respect to the same local frame, then the
connection is compatible with the metric if and only if

dH = ATH + HA, (5.21)
where dH = (dh; ;) denotes the differential of H = (h; ;).
This is proved analogously to Lemmals.19|and we leave the details as an exercise.

Theorem 5.22. Let X be a manifold and let E be a Hermitian vector bundle on X. Then X admits a compatible
connection V.

Proof. Let V be a connection on E (which exists by Corollary [5.4). We now modify the connection V to
make it Hermitian.
For any two C*-sections o, 7 of E, define

F(o,7) =d{o,7) — (Vo,7) — (0, V1) € C7 (X, Q}QC).

Note that F(o,7) = F(7,0), and F(ho, 1) = hF(0,7), for each h € C*(X — C). In a sense, the tensor F
measures failure of V to preserve the Hermitian metric. Define a new connection V by declaring

= 1
(Vo, 1) =(Vo,7) + EF(G, 1), 0,7 € C°(X,E).

Note that since 7 above is arbitrary, this equality determines the value Vo uniquely. Check that Visa
connection, i.e. satisfies the Leibniz rule.
We claim that the connection V is Hermitian. Indeed, we have

(61’, o) =(Vr,o) + %F(T, o),
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and by applying complex conjugation, we get
= 1
(0,V1) = {0, V1) + EF(O', 7).
Therefore, _ _
d{o,7) — (Vo,7) — (0,V1) =

=d{o,7) —(Vo,7) — (0, V1) — %F(a, 7) — %F(o, T) =

1 1
=F(o,7) - EF(G,T) - EF(O', 7) =0.
O
Note that the connection V from Theorem is not uniquely determined. In the proof we began by
choosing a connection, but could have chosen another one. (It is, of course, possible that the correction
in the proof would lead to the same resulting connection, but one can check that is not the case.) If one

imposes one additional condition on the condition, then one can make it uniquely determined. This leads
to the notion of Chern connection in the next section.

5.3 Chern connection

Definition 5.23. Let X be a complex manifold and E be a complex vector bundle over X. If V: C*(X,E) —

Ce (X, Q) ® E) is a connection on E, then, by composing with the projections

pro: Qe — Qg and  pog: Qe — QY
WwWe can decompose
V=vv!
where
V0. C%(X, E) — C% (x, ol e E)
and

VoL C%(X,E) — C% (X, %@ E) .

Recall that if the vector bundle E is additionally holomorphic, then it has an operator dr of the same type
as V%! (Proposition , and we can ask for V%! to agree with dg.

Theorem 5.24. Let X be a complex manifold and let (E, h) be a Hermitian holomorphic vector bundle. Then
there is a unique connection

Vg: C°(X,E) — C (x, QL. ® E)

such that _
vy =op
and such that Vg is compatible with the metric. Locally, if V.= ™' (d + A)¢ and H = (h;;), we have that
_1 —
A=H OJH.

Definition 5.25. We call Vi the Chern connection of (E, h). Moreover its curvature O := Oy, is called
Chern curvature of (E, h).
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Proof. As above, we will define the connection locally and then show that it is independent of any choice
made and so it extends to X.

Local existence: Let x € X be a point and let sy, ..., s, be a local holomorphic frame defined over an open
set U of X containing x. Let H = (h; ;) be the matrix defining the metric on U with respect to s, ..., s, i.e.
hi j = (si,s;j). We denote by 0H the (r X r)-matrix of (1,0)-forms on U defined by

oH = (oh; )
We then define L
A:=H 0H, (%)

and we consider the connection Vg on E|y defined by A, so that if o = )] fio; is a section of E on U, where
fi, ..., f are smooth functions, and f = (£, .. .,f,)T, then we have

Ve(f) = Af +df.
Note that A = (a; ;) is defined by (1, 0)-forms g; ;. In particular, it follows that on U we have
vy =0

In order to check that the connection is compatible with the metric h on U, we need to check that A satisfies
the equation from Corollary|[5.20] i.e. .
dH = ATH + HA.

We have
ATH=(H 'oB)T -H
—oH (H )TH
= (0H)H 'H = 0H
where the third equality follows from the fact that H = H”, since h is Hermitian. Similarly,
HA =H(H '0H) = 0H.

Since dH = 9H+0H, it follows that the equation from Corollaryholds and the connection is compatible
with the metric.

Local uniqueness: We now show that such connection is unique on U. Let V be a connection on Ey; which
is compatible with the metric and such that V®! = 9g. Let B = (b;, ;) be the matrix associated to V respect to
the frame sy, . . ., s,. We may write B = B(1?) + BOOD where B(10) (resp. B(®1) is the (r X r)-matrix obtained
by taking the (1,0) (resp. (0,1)) components of b; ;. I o is a section of E, then on U, we have ¢ = }_; fis;
where fi, ..., f, are smooth functions on U and if f = (fi,..., f»), we have

of + B f = V(f) = of.
It follows that B(*!) =0, i.e. B = B0, Since V is compatible with the metric, Corollaryimplies that
dH = B"H + HB.
It follows that 3 _
oH = B'H, and oH = HB.
Thus,
_1 —
B=H o0H=A.

It follows that V = Vg on U, i.e. the connection is unique on U.

Global existence and uniqueness: The previous part also implies that if V}, is a connection on a different
open set U’ of X, which is compatible with the Hermitian metric and such that VJ'E(O’I) = 9, then, on the
intersection U N U’, the connection Vg must coincide with the connection V.. Therefore, the connection
Vi extends uniquely over X. This proves the theorem. O
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Corollary 5.26. Let (E, h) be a Hermitian holomorphic vector bundle of rank r on a complex manifold X. Let
Vi be the Chern connection on (E, h) and ©Og its curvature. Let A be the matrix representing Vg with respect
to some local holomorphic frame s, .. ., s,.

Then,

1. Aisoftype (1,0) and 90A = —A A A.
2. Locally ©f = 0A and, in particular, O is of type (1,1).
3. 5@5 =0.

Proof. Let H be the matrix representing the metric h with respect to the local holomorphic frame sy, . . ., s,
We first prove (1). By the local formula from [5.24] we have that A is of type (1,0) and

A=H '9H.
We have L .
0=o(HH )=Ho(H )+ (6HH .
Therefore,
o(H ") =-H "(oHH .
Thus, since 9°H = 0, we have
oA = o(H oH)

—o(H )AoH

- —(H "(6H)H ') A oH

= —(H '9H) A (H '9H) = -AA A.

We now prove (2). Recall that, by definition, ®z = A A A + dA. Thus, by (1) we have
Op = AANA+0A +0A = 0A.

Finally, we have
90 =9 A=0
and also (3) follows. O

In a certain sense, there is a converse to the existence of the Chern connection. This is the following Proposition
that we state without giving its proof:

Proposition 5.27 ([@]). Let (E, h) be a Hermitian vector bundle over a complex manifold X. LetV be a Hermitian
connection on E such that Fy € C*(X, Q;;l ® End E). Then there exists a natural holomorphic structure on E
such that V is its Chern connection.

The two constructions are inverses of each other, and the correspondence between Hermitian connections
with curvature of type (1, 1) and holomorphic structures is one-to-one, if one quotients out by the right
notion of isomorphism on both sides, which we also do not discuss here.
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5.4 Fubini-Study form on CP"

In the following we will compute one example of a Chern curvature, namely of a connection on CP”. It may
seem as if that is a randomly chosen example, but it will later turn out that this defines a Kahler structure
on CP", and through this induces Kahler structures on submanifolds of CP". So, for practical purposes,
this is often the only example of a Kihler structure one needs to know. Because of this, the formulae we
derive for the Fubini-Study form often appear in complex geometry.

Recall that the tautological line bundle Op» (—1) over P" from Proposition defined as

O(-1) :={(x,0) € CP" x C"™!' : v € x}
Let CP" = |}, U; be the standard affine cover of CP" with local trivialisations
Yi:n W(U;) > Ui xC
(x’ (QO, e Qn)) = (xa ql)
Their transition maps are g;; = tﬁilﬁj‘l = ;—j’ Define the metric h on O(-1) via
hy : O(-1)x X O(-1)y =» C
(v, w) > (v, whcn+,

where (-, )¢+ denotes the standard Hermitian inner product on C™**!. The bundle O(-1) is a line bundle,
so a local frame consists just of a single section. Define a local frame on U; by s(x) = ¢; '(x,1). In this
trivialisation, the metric has the form

2
i

n
X x
hir (x) = (s(x), 5(x))ene = <—, f> =312 (+)
Xi Xi[cn+ = Xi
We compute the Chern connection of O(—1). Consider the chart
(ZO’ <5 Zi-1, 2;’ Zitls - ’zﬂ) : Ui = Cn
X0 xi Xn
[x0: - :x] (———)

Xi Xi Xi

where - stands for omitting an entry. Writing V = /~!(d + A)y;, we have by Theorem that A=H 'oH.
Thus
oH
H
a1+ 2 |z;1%)
1+ Xz l2il?
Zj¢i dz;z;
142|217

where in the first step we used that H(x) € R for x € U;, so H = H; in the third step we used a(|z|*) =
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d(zz) = zdz. Hence
YFyy ' =dA+AAA
=dA
=0A
= ANdz;
;( 1+Zm¢1 |Zm|2) !
_y (3Z)) - (1 + Tpews 1261) — 27 - 3 (14 St 124 ?)
= (14 St I2ml?)°
1 _
=——————— > firdz A dzg,

(1+ Znai 2ml?)” 5

/\de

where fijx = (1+ X4 [2ml?) 8jk — Zjzk. Here, we used the local formula for the curvature from Propos-
ition in the first step; we used the fact that O(-1) is a line bundle, so End O(—1) = C and therefore
A€ C°°(U,, Q! C) and we have that @ A @ = 0 for any 1-form « in the second step; in the third step we
used that Fy is of type (1, 1) by Corollary[5.26} in the fifth step we used the quotient rule for the derivative
of a fraction.

Definition 5.28. The Fubini-Study form on CP" is
wrs = —éFV € C™(CP", Q% ¢ ® End(O(-1))) = C™(CP", Q% ),

where V is the Chern connection on O(-1) endowed with the Hermitian metric given by restricting the
standard inner product on C"*!. (This formula was missing the factor —# in an earlier version of the notes,
which was a typo.) By the above calculation we also have the alternative formula

i—
WFSs = ——aalogH,
2

where H is given locally in formula () above. Even though the definition of H depends on the choice of
affine patch, the calculation above shows that d9log H is a well-defined 2-form on CP", namely the Chern
curvature, which is a globally defined object.

Notice because of 39 = —39, we have from the above formula also that

i
wps = —ddlog H.
2m

5.5 Chern classes

Chern classes are numerical invariants for vector bundles. It turns out that they can be defined for to-
pological vector bundles, but in this course we will only give the "Chern-Weil definition”, which requires
smoothness. The idea is to take Fy € C*(X, Q;C ® End E) and apply some operations to the endomorph-
ism part to define forms on the manifold.

Definition 5.29. Let V be a complex vector space. Then we write
S5(V)*:={P:V x---xV — C: P multi-linear and symmetric},
~— ——
k times
where symmetric means that P(...,0,...,w,...) =P(...,w,...,0,...). ForP € Sk(V)* denote by
P:V—C
B+ P(B,...,B)
the polarised form of P.
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Lemma 5.30. The map

sK(vV)* > {QeC[B]:Q homogeneous}
P — P(B)

is bijective.
The proof is left as an exercise. We will be interested in the case of V = gl(r,C) = C"™".

Definition 5.31. A symmetric map P € S¥(gl(r,C))*
P:gl(r,C)x---xgl(r,C) » C
is called Ad-invariant if for all C € GL(r,C) and By, ..., Br € gl(r, C) we have
P(CB,C™Y,...,CBC™Y) = P(By, ..., By). (%)

Equivalently: P(CBC™!) = P(B) for all C € GL(r,C) and B € gl(r, C). We denote the space of Ad-invariant
symmetric maps by (Sk(gl(r, C))*)CL(C),

Lemma 5.32. An element P € SK(gl(r,C))* is Ad-invariant if and only if for all B, By, ..., By € gl(r,C) we
have

k
ZP(Bl, ...,Bj_1,[B,Bj],Bjs1,...,B) = 0.
=1
Proof. "=” Let C = e'B, then |, of (x) gives:

d
0= a|t:0p(c131c—1, ...,CBC™h

k

d
P(CB;C™ =0, - .., —CB;C =g, ...,CBC™1)

“dt ()

~.
I
—_

M~

P(Bi,...,[B,Bj],...,Bg),
1

~.
Il

where in the second step we used the fact that the differential of a multi-linear map L : C" X C" — Cis
given by

k
dxl,...,ka(Ul, cees Uk) = Z L(xl’ v ’xj—l’ Uj’ xj+1’ L 9xk)
=

together with the chain rule; in the third step we used the product rule %etBB e 'Bl,. = BB; — B;B =
[B, Bj].

’<” Let C € GL(r,C) and By, ..., By € gl(r,C). The matrix exponential exp : gl(r,C) — GL(r,C) is sur-
jective, which can be seen by checking that it is surjective onto Jordan blocks, and then using exp(gXg™!) =
gexp(X)g~'. Therefore, C = e? for some B € gl(r, C).

Then one checks as in (**) that the function f(t) := P(e!BBie B, ..., e!BBre 'B) has

k
f(t) = ZP(etBBleftB, ..., [B, etBBje’tB], ...,e"BBreB)
=

which is equal to zero by assumption. Thus, f is constant, which proves the claim. O
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Proposition 5.33. Let (S*(gl(r,C))*)“"C). Then for any complex vector bundle E — M and partition
m =i+ -+ i, and x € M there exists a naturally induced multi-linear map

P (Qfc ®EndE) x--x (0 ®EndE) — (Qfic)

X
defined by P(o; @ t1, ..., Qtg) = (a1 A -+ Aag) - P(t1, ..., tg).

Proof. In a point x € M we have E, = C". Under this identification, we can view (t;)y € End(E,) =
gl(r,C), so P(ty,...,1t) is defined. Because P is Ad-invariant, this definition is independent of the choice
of identification E, = C". ]

This pointwise definition induces a map of global sections:
P:C¥(M,Q}, - ®EndE) x...C™(M, Q) - ® EndE) — C*(M, Q}; o).

The map P is graded symmetric, for example P(a; ®t;, @y ®t5) = (—1)1P(ay ®tp, ay ® ;). (We can only write
this equation is i; = i3.) If iy = - -+ = i = 2, then this means the map P is symmetric, and by Lemma
we can recover the symmetric map P from its polarised form P in this case. Later we will want to apply
such a map to Fy.

Lemma 5.34. Fory; € C*(M, Qj\fm ® End E) we have

k j—1 .
d (P(yi,.. 7)) = ) (=D "P(yr, ., V1),

j=1
where d denotes the exterior differential on forms.
Proof. In the proof of Proposition we defined the map induced by P on the trivial bundle and used

Ad-invariance to show that it was well defined, i.e. independent of the choice of trivialisation. Thus, it
suffices to prove this lemma for the trivial bundle E = M X C’. By linearity, it suffices to prove the claim

fory; = aj ® t; where a; € C*(M, Q;\QC) and t; € C*(M,C™*"). We can even assume the t; are constant,

ie. dt; =0, every element in C* (M, Q;\fm ® EndE) is still a sum of elements of the form « ® ¢.
Then ’

d (P(y1,--»yk) =d(@r A+~ Aag - P(ty, ..., )

j—1 .
(-1)Z= gy A Adaj A Aag - Pty )

M T

J-1;
(-1)2= "P(ay @ 1y, o (daj) ®t, .ok ® ty),

~.
Il
—_

where in the first step we used the definition of P; in the second step we used the Leibniz rule for the
exterior derivative together d together with the fact that P(ty,...,t) € C*(M, C) is constant because of
the assumption that the ¢; are constant.

Now, the induced connection V on End E acts as Vy = dy + [A, y]. The claim then follows from plugging in
d = V — A together with Lemma [5.32] which implies that

k
j—1 .
Z(—l)zle “Play @ ty,...,[Aa;®@tj],..., 0 ® 1) = 0. o
=

Corollary 5.35. LetV be a connection on a complex vector bundle E — M of rankr. Then forP € (Sk(gl(r, C))*)CLrC)

we have that P(Fy) € C* (M, Q?JI‘C) is closed.
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Proof. This follows from the previous lemma together with the Bianchi identity VFy = 0. O

Thus, for P € (S*(gl(r, C))*)SL("©) and a vector bundle E of rank r we have that [P(Fy)] € H*(M,C) is a
well defined cohomology class. The following lemma proves that this class is independent of the choice of
connection:

Lemma 5.36. IfV and V' are two connections on a complex vector bundle E — M, then
[P(Fy)] = [P(Fy)] € H*(M.C).

Proof. Let V' = V + a for some a € C*(M, Q) - ® End E).
We first show that

d _
a|t:0 [P(FV+ta)] =0, (*)

ie. % |t=0P(Fv4sq) is an exact form.
We have

d
a|t:0FV+ta = altzo(Fv +tVa+t?aAa) =Va, and therefore

d - _
5|t:OP(FV+ta) = (dP)gy(Va) =k - P(Fy, ..., Fy,Va),

where in the first step we used the chain rule and in the second step we used the explicit description of the
differential of a k-linear map. The right hand side can be identified as

k-P(Fv,...,Fv,Va) =k- (dP(Fv,.‘.,Fv,a) —P(VFv,...,Fv,A)—'-'—P(Fv,...,VFv,a))
=k-dP(Fy,...,Fy,a),

which is exact. This proves ().
We can now conclude the proof as follows:

1
_ _ d -
P(Fova) =P + [ ol (Feura) &
0
- 14 -
=P(FV)+/ d_lt:OP(F(V+sa)+ta))ds
o dt

1
= P(Fy) +/ d(ns)ds for some ns € C* (M, QJZJEE
0

:ﬁ(FV)+d(/1qsds),
0

where in the first step we used the fundamental theorem of calculus; in the third step we used (*), now with
starting point V + sa instead of V; and in the last step we used that the exterior derivative and integration
commute (this is a consequence of the Leibniz integral rule). O

Definition 5.37. The above construction defines a homomorphism
(S"(gl(r,C)))M" Y — H* (M, C)
for a vector bundle E — M of rank r. We can extend this to an algebra homomorphism
We : (57(al(r, ©)) " — H* (M, C),

which is called Weil homomorphism.

43



Definition 5.38 (Chern classes). Let {P;} be the homogeneous polynomial of degree k defined by
det(Id+B) = 1+ P;(B) + - - - + P,(B).

The Py are Ad-invariant. The Chern forms of a vector bundle E — M of rank r with connection V are
r(E V) = B (ZLFV) € C™ (M, 0% ).
p )

The k-th Chern class of the vector bundle E is the induced cohomology class
cx(E) = [cx(E, V)] € H* (M, C).

The total Chern class of E is ¢(E) := ¢o(E) + ¢1(E) + ¢o(E) + - - - € H*(M, C).

Note that ¢o(E) = 1 and cx(E) = 0 for k > rank E. We now want to derive an explicit formula for the Chern
classes ¢k (E). To this end, we need an explicit formula for Pg.
Let B € gl(r, C) have eigenvalues 14, ..., A, (with repetition), then

det(1d+B) = [ [(1+4;).
j=1

Let ok (A4, . .., A,) be the k-th elementary symmetric polynomial, i.e.

0'0(A1, . ,/1,«) = 1,

ok (A1, ..., A;) == sum of all products of k distinct variables

= > A

1<ii<--<ig<r
that is
O'](/ll,...,).r =A1 +~~~+A+r=tr(B),

o) = Y Ay = (B~ ()

1<i<j<r

etcetera, where the formula for o3 is one of the Newton identities. (The Newton identities also give formula
for all higher elementary symmetric polynomials.) Hence:

c1(E) = [étr(Fv)] € C*(M, Q3 ),

(_i) Z tr(Fy) A tr(Fy) — tr(Fy A Fy) | € C®(M, Q) o),

c2(E) = 3
4] e

where all traces are taking in the endomorphism bundle End E.
Proposition 5.39 (Properties of Chern classes).

1 IfE1, E; — M are isomorphic vector bundles over M, then
c(Er) = c(Ez).
2. (Naturality) Let ¢ : N — M be smooth, and E — M be a complex vector bundle. Then

c(¢"E) = ¢"(c(E)).
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3. IfE1, E; — M are complex vector bundles, then
c(E1® E;) = c¢(Ey) - ¢c(Ey),

where - denotes the product in de Rham cohomology, namely [w]-[o] = [wAc] forw, o € CT(M, Q) o).
For the individual Chern classes, that means:

k

ce(E1 @ Bp) = ) ¢;(Er) - ek (Ep).
j=0

4. Let E — M be a complex vector bundle. Then
ck(E") = (=1)*cx ().
5. For the dual of the tautological bundle on CP! we have
¢1(0(1)) = [wrs] € H*(CP', C).

Proof.

1. If Vis a connection on E;, and ® : E; — E, is a bundle isomorphism, then ® o Vo ®~! is a connection
on E,. If ¢ is a local trivialisation of E;, then ¢y o ®~! is a local trivialisation of E;. In these trivial-
isations, the connections V and @ o V o ®~! have the same local formula. The definition of the Weil
homomorphism was local, so Wg (ﬁk) =Wr (ﬁk).

2. Given a connection V on E, we have a natural connection ¢*V on ¢*E, whose curvature satisfies
¢ (Fv) = Fyey.

(Exercise.) Then
ck(¢"E) = Py (2— 'F¢*v) =Py (— X (FV)) = ¢ Py (—Fv) = ¢ ck(E).
T 2 2
3. The Py were defined as det(Id+B) = 1 + P;(B) + - - - + P,(B). We have for A € C"*"t and B € C"2¥"2;

1+I~’1(1§ g)+~~-+§r(1§ g):det(ld+(? g))
= det(Id +A) det(Id +B)
= (1+Pi(A) +---+P.(A))(1+Py(B) +- -+ P,(B)),

SO
k
P (g‘ g) = > Pi(APi(B). (*)

Now let V!, V2 be connections on E; and E;, respectively. Then V! + V2 is a connection on E; @ E,
with
Fy1 0
FV1+V2 = ( g sz) .
Therefore, by (x):
_ k _ _ k
ck(E®F) = P(Fy4v,) = Z Pj(Fy1)Pr_j(Fy2) = » c¢j(Eq) - cx—j(Eo).
= =0

J
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4. The bundle E* admits a natural connection V* satisfying Fy- = —Fg (exercise). We have
Pe(=A) = (-1)*Pi(4)
by multilinearity of Py and _ _
Pr(AT) = P(A)
by transpose invariance of det. This implies

Pi(Fy-) = Pp(=FL) = (=1)*P(Fy).

5. By definition of wps from Deﬁnitionwe have wgs = Fy, where V was the Chern connection (with
respect to some Hermitian metric) on O(1). This proves the claim. O

It is an observation by Grothendieck, that these conditions uniquely define Chern classes. Hence, an al-
ternative definition of Chern classes is the following: let cx be maps satisfying

1. ¢ (E) € H*(M, C) with ¢o(E) = 1 and ¢ (E) = 0 for k > rank E;
2. for ¢ : N — M smooth and a complex vector bundle E — M we have ¢*(c(E)) = c(¢*(E));

3. for complex vector bundles E;, E;, — M we have ¢(E; @ Ez) = c(Eq)c(Ez);
4. c1(0(1)) = [wrs].

Here, one can even replace smooth vector bundles by continuous vector bundles, and the de Rham cohomo-
logy by the singular cohomology with integer coefficients.
We briefly mention one application of Chern classes, namely stable bundles.

Definition 5.40. Let E — CP" be a holomorphic vector bundle. Then

degE := / ¢1(E) A wfg?
cp»

is called the degree of E and

is called the slope of E. The bundle E is called stable, if for every proper holomorphic subsheaf F C E we
have u(F) < p(E).

Note that we have not defined sheaves in this lecture. Sometimes it is enough to think of subbundles F C E
instead of subsheaves, but in general one needs sheaf theory.

This definition can be generalised to algebraic varieties in CP”, not just CP" itself. The set of all stable
bundles is an interesting invariant of a complex manifold. It appears in homological mirror symmetry,
which is a conjecture from physics. Counting stable bundles in a precise sense is the object of Donaldson-
Thomas theory.

Example 5.41. Line bundles are stable.
Definition 5.42. Let E — CP" be a Hermitian vector bundle and V be a Hermitian connection on E. Then
V is called Hermite-Einstein connection if F%Z =0and Fy A wlﬁls_l =1 pg for some A € C.

Example 5.43. On the bundle O(1) — CP", the Chern connection V satisfies Fg’z = 0and Fy /\a)l':’s’1 = 1w,
so V is Hermite-Einstein. More is true (though that is not obvious): every line bundle admits a Hermite-
Einstein connection.

This can be generalised to Kdhler manifolds, which will be introduced in the next section. Hermite-Einstein
connections in complex dimension two are essentially the same as anti-self-dual connections, which are
studied in Donaldson theory. The last two examples say all line bundles are stable and they always admit
Hermite-Einstein connections. This is a special case of the following general theorem:
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Theorem 5.44 (Donaldson). Let E — CP" be a holomorphic bundle, then E is stable if and only if it admits
a Hermite-Einstein connection.

This theorem is known under the names Donaldson-Uhlenbeck-Yau theorem and Kobayashi-Hitchin corres-
pondence. Like the definitions before, this theorem also holds more generally for Kihler manifolds.
Another application of characteristic classes are so-called index theorems. Here is the simplest example of
an index theorem:

Theorem 5.45 (Riemann-Roch formula). Let X be a complex manifold of complex dimension one and compact.
Assume the underlying real surface has genus g > 0. Let E — X be a holomorphic rank r vector bundle. Then

h’(X,E) — W' (X,E) = / ci(E) +r(1—g).
X

This theorem is surprising and useful for the following reason: roughly speaking, the left hand side counts
solutions to a partial differential equation. The number h°(X, E) is the dimension of the space of solutions
for the equation dgs = 0. (The correction term h'(X, E) is less interesting, but it is equal to zero in many
cases.) This quantity is very hard to compute. On the other hand, the right hand side does not depend on
the complex structure of the manifold, but is only an integral over a smooth manifold, which can often be
easily computed.

This theorem is a special case of the Atiyah-Singer index theorem for elliptic differential operators on any
manifold, not necessarily complex. In this index theorem, other more complicated characteristic classes
appear.

6 Kahler manifolds

Definition 6.1. Let V c C" be open. A form w € C*(V, Q%,’l) is called real if @ = w. It is called positive, if in
the representation

.on
1 —
w = 5 glhjkdlj/\dfc’k
Jk=

the matrix-valued function (hj) : V. — C™" is positive definite in each point. Equivalently, wy(v,i-v) > 0
forallv e C" forallx e V.

Definition 6.2. Let X be a complex manifold of dimension n and v € C*(X, Q;;l). Then w is called positive
if for all x € X there exists a holomorphic chart (U, $), ¢ : U — V C C" such that (¢~ !)*w is a positive
formon V.

Definition 6.3. Let X be a complex manifold and v € C*(X, Q;;l) be positive. Then w is Kahler if dw = 0.
We call the pair (X, w) a Kdhler manifold.

Example 6.4. On X = C" we have that
. n
i —
w = E ; de A de

is a real, positive (1, 1)-form with dw = 0. Hence (C", w) is Kéhler.

Example 6.5. Let A C C" be a lattice and X = C"/A the complex torus. Then w from Example[6.4] descends
to X, ie forl € Aand

$,:C"—>C"

x> x+A

we have ¢*w = w. Hence, X with this 2-form is also a Kahler manifold.
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Example 6.6. On X = CP" we have that wgg is Kéhler. (Exercise.)

Example 6.7. Every complex manifold of dimension one admits a Kahler form. (Exercise.)

Proposition 6.8. Let (X, w) be Kahler andY C X be a complex submanifold. Then (Y, w |y) is Kdhler.
In particular: complex submanifolds of CP" are Kihler.

Proof. Writing the inclusion as i : Y — X, we have
d(w |y) =d(i"w) = i"(dw) = 0.

Furthermore, w is positive if and only if w (v, Jv) > 0 for all v € TX, where J denotes the almost complex
structure induced by the complex structure on X. In particular this holds for v € TY C TX, so wly is still
positive, which proves the claim. O

We now include a brief reminder about integration and Stokes’ theorem.
On an R-vector space V, define

B ={(vy,...,0,) basis of V}.
Define an equivalence relation ~ on 8 as follows: for two bases b, b’ € B, set

b~b" ifandonlyif Ab=0b'forsome A€ GL(V) with detA > 0.

An equivalence class [b] for some b € B is called orientation of V.
A collection {()TyM}yE um is called an orientation of M, if for all y € M the element OTy M 1s an orientation of
TyM, together with an atlas of M in which

7] d
(—(y), ey —(y)) € Or,pm for every chart and for all y € M.
0x1 oxp, Y

Now let M be oriented and w € C* (M, Q") with supp(w) C U for some positively oriented chart (U, ¢).

Then
/co = / (wg © @) dAn, (%)
u @(U)

where w, € C*(U) is given by w = w, dxy A -+ A dxy, ie.

7] 7]
Wy (x) = wy (E(x),..., pm
1 n

(x)].

Proposition 6.9. The expression fU w from (x) is well defined, i.e. does not depend on the choice of (U, ¢).

The proof is an application of the transformation formula for the Lebesgue integral and is omitted here.
In general, supp w is not contained in a chart. The define the general case, let {(Uy, ¢o)} be a positively
oriented atlas and f, be a partition of unity for it. Then define

/Mw:;/uufa-w. ()

Proposition 6.10. The expression fM w from (xx) is well defined, i.e. does not depend on the choice partition of
unity.

The proof uses the linearity of the Lebesgue integral and we also omit it here. Analogously one defines
integration on manifolds with boundary, but we omit this due to long notation.
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Definition 6.11. Let M be a manifold with orientation
Om = {Or,m : Or,m orientation of T, M}
and boundary oM. Let x € oM, w = [y] € T, M, i.e. y : (—¢,0] — M with y(0) = x and y’(0) # 0. Then
Oom =A{O0r.0m = [(v1,...,0n-1] : (W,01,...,0n-1) € O M}
is called the induced orientation on oM.

Theorem 6.12 (Stokes’ theorem). Let M be an oriented manifold with boundary oM and its induced orientation
and w € C*(M, Q"1) with compact support. Then

/dw:/ .
M oM

This proof uses Fubini’s theorem and integration by parts on the interval, and we also omit it here. We can
now use integration to prove the following property about Kiahler manifolds:

Lemma 6.13. Let (X, w) be a compact Kihler manifold of dimension n. Then by, = dime H* (X, C) > 0 for
ke{1,...,n}

Proof. We have d(w*) = 0 by the Leibniz rule, so it remains to check that [w*] # 0 € H?*(X, C).
Let x € X and (U, ¢) be a complex chart around x, then

0(x) = ) hyedz;(x) A dz(x)
jik=1

for some positive definite h ;. The basis

J 0 o d
0z, 0z, 0z, oz,
is positively oriented in the orientation from Proposition We have
w"(x) = det(hjc) dz; Adzy A ... dz, A dz,

by the Leibniz formula for the determinant. Because hj is positive definite, we have that det(h;x) > 0,

hence w" is nowhere zero and
" = / det(hj) - fo > 0,
-/X Z ¢a(Ua)

¢4

where f, is a partition of unity for the complex atlas (U, ¢,). Here, we used the definition of integral
together with the fact that ¢, is positively oriented in the first step.
Now assume that o* = dy for 5 € C°(X, Qf(k_l). Then

.C
O</w”=/d(nAw”_k)=/ )
X X ax
where we used Stokes’ theorem in the third step. This is a contraction, which proves the claim. O

Example 6.14 (Hopf surface). Fix 1 € R,0 < A < 1. Let X = (C? \ {0})/Z, where the group action of Z on
C?\ {0} is defined as
k-z:=21kz
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The following diffeomorphism is called polar coordinates:
$*x Roy — C?\ {0}
(x,r) > r-x.
In these coordinates, the group action of Z can be written as:
k-(x,r)=(x,A*r) for keZ (xr)eS xRy (%)

Hence,
(S} xRx0)/Z = §* x (Rso/Z) = §* x S,
where = denotes diffeomorphism, and we used () in the first step. Now
b2(X) = b(S® x SY)
=b°(S?) b*(S") +b'(S*) b1 (Sh) + b*(S?) B°(S') =0,
——— —— ———

=0 =0 =0

where we used the following facts from algebraic topology: in the second step, we used the Kiinneth formula;
in the third step we used b'(S*) = b?(S®) = 0. (The property b?(S!) = 0 is a standard property of the de
Rham cohomology.) Thus, by Lemma[6.13} the manifold X is not Kahler.

On the other hand, Z acts through biholomorphisms on C? \ {0}, so X is a complex manifold.

Hence, X is an example of a complex manifold that is not Kahler.

6.1 The Hodge * operator

Definition 6.15. Let W be an R-vector space with real inner product (-,-) : W x W — R. This induces an
inner product on A\* W defined by

(UL A Aoy Ao Ay = det({0;,07)).

If dimg (W) = m, then up to multiplication by (—1) there exists a unique © € A™ W such that {0, 0) = 1.
Then, for each k > 0 there exists % : /\k W — /\m_k W such that

k
ahAxf={a,fo for a,f¢€ /\W.
If ey, ..., e, is an orthonormal basis of W such thate; A --- A e, = w, then
1. x1 =0,
2. kep=ey AN -+ A ep,
3. *xw =1,
4. *e; = (=1)"leg A eisi Aep A Aem,
5. if I € {1,...,m} and I° is the complement of U, then
xer = €(0) - ere, (+)

where e; = e;, A---Aej forI = (iy,...,ir) and €(o) is the sign of the permutation sending (1, ..., m)
to (I, I°).
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Proposition 6.16. Let (X, w) be Kdihler and write ] : TX — TX for the almost complex structure induced by
the complex structure of X. Then for all x € X we have that

Igx LXXT X =R

(u,0) — w(u, Jo)
is a symmetric, positive definite bilinear form and hy (u,v) = g (u, v) +iwx(u, v) is a Hermitian inner product.

Proof. Symmetry: For local complex coordinates (zy, ..., z,) write z; = x; + iy;. Then one checks that by
explicit calculation that
d 0 ad
w _5 - w _’ - b
oxj. 0x) Yk oY

Jd d a a
w -~ bl - w - bl - b
oxx 9y Yk 9x

which by linearity implies w(Jo, Ju) = w(v, u) for all u,v € TX. Hence

9(u,0) = w(u, Jo) = ~w(Jo,u) = ~o(J%0, Ju) = w(v, Ju) = g(v,u).

Real: g(u,v) = w(u, Jv) = w(u, Ju) = g(u, v) because w is real.
Positive definite: g(u, u) = w(u, Ju) > 0 for u # 0 because w is positive definite.
The claim for h follows from the properties of g and w. O

Remark 6.17 (Connection to Riemannian geometry). The object g is called Riemannian metric. Given a
Riemannian metric, there exists a canonical real connection V on the R-vector bundle E = TX. This induces
a connection V on C® (X, Qf( ¢) that satisfies Vo = 0. (This is an equivalent definition of Kéhler manifolds.)

Definition 6.18. Let (X, w) be Kéhler. Then (TcX, h) is a Hermitian vector bundle, where h was defined
in Proposition |6.16, This induces metrics on T*X and Qf( ¢ by the same formula as in Definition An
explicit formula for this inner product is:

(Cothm = D, Oxlei.. o) Telen, ... ex),

1<ij<--<ix<2n

where ey, . . ., €5, is an orthonormal basis of T, X with respect to gy.
Define vol := C-w™ € C* (X, Qi"c), where C € R is chosen so that (vol,, vol, ), = 1for all x € X. (Exercise:
check that (w", ") is a constant function on X, so that C € R exists.)

Definition 6.19. Let (X, ) be Kéhler of complex dimension n with induced inner product g. Then * :
C*(X, Qé‘() - C®(X < Qgg"k) given by Definition on each (T X, gx). Denote the complex linear
extension by the same symbol, i.e.

*: C¥(X, Q% o) - C¥ (X, k.
Le. % is characterised by the following equation:
a A *_,B =(a,fyvol for a,feC”(X, Q?C).

Definition 6.20. Let E — X be a Hermitian vector bundle. We write C=°(X, E) := {s € C'X, E) : s has compact support}.
We define the L?-inner product as

(a, BYr2 = /}((a,ﬁ)vol for @, finCJ(X,E).
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Definition 6.21. Let E, F — X be Hermitian vector bundles. Let P : C;° (X, E) — C (X, F) be C-linear. The
adjoint map P* : CX(X,F) — CZ(X, E) is defined via

(Pa, Byrz = (a, P* B2 for a€Cl(X,E),peCr(X,F).
Lemma 6.22. Let (X, ) be Kdhler and let f € C2 (X, Qfgé) for somek > 1. Then
d'f=—xdxp.
Proof. Leta € CZ(X, Q?(,C)' Then
(da, BY vol = da A xf = d(a A *f) — (-1)*a A d%f

by the Leibniz rule. Hence:
(da, B)12 = / (da, B) vol
X

= (-1)k+ /Xa/\d*_/)’

— (=1)k(n-)+ka / @ A% % dxf
~— X
=-1

=—/a/\**d*ﬁ
X
= <a,—*d*ﬁ>Lz,

where in the second step we used Stokes’ theorem and in the third step we used equation () after Defini-
tion[6.15|to work out the correct sign. This proves the claim. o

6.2 Harmonic forms

Definition 6.23. Let (X, w) be Kéhler. The operator
A:=dd"+d"d

is called Hodge-de Rham operator or Laplace operator. A form a € C*(X, Q;c( ¢) is called harmonic if Aa = 0.
We denote
H*(X) = {a € C¥(X, Q) : Aa = 0}.

Lemma 6.24. Let (X, w) be Kihler. Let a € C° (X, Q;C). Then
a is harmonic & da=0and d*a =0.

Proof. ><” is clear by definition of A.
’=”: If Aa = 0, then also (Aa, a);2 = 0, and therefore

0=(Aa, )2 = (d" da, )2 + (dd*a, a)p2
= (da,da)2 + (d*a, d"a);2

and because (-, -) is positive definite, we have that da = 0 and d*a = 0. o
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Exercise 6.25. Let X = C" and

. n
i _
w=- dz; A dz;
2
=1

be its standard Kdhler form. Writing z; = x; + iy, prove that
n 2 2
0 e}
Af =- (—2 + —2) f (%)
; oxj  oy;

Remark 6.26. The minus sign in equation (*) makes A a non-negative operator. This is the convention
typically used in geometry and is called the geometer’s Laplacian. Some texts define the Laplacian as

AF= Z(aaz 8y])

This convention is called the analyst’s Laplacian.
Lemma 6.27.
1. A commutes with %, d, and d*.

2. A is formally self-adjoint, i.e.

(Aa, B)rz = {a, AP);z  forall aeCl(X, ok x.C)-

3. A is non-negative, i.e. ({Aa, )z > 0 for alla € C* (X, QK x.C)-

Proof.
1. We have
=(dd" +d" d)*
=—dxdx*x—*xdxdx
————
=kkdxd
=dA,

where we used xx = +1, where the exact value of the sign does not matter.

Commuting with d and d* follows directly from the definition of A.

2. Itis

(Dat, Byrz = (dd”a, B)rz +(d" dat, )12
= (d"a,d"B)r2 + (da, df);2
= (o, dd*f)12 = (a,d" df)yz
= (a, Ap)ye.

3. This is the same calculation as in the previous point or as in Lemma [6.24}

(Aa, )2 = (da, da)pz + (d*a, d" )2 > 0.
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Definition 6.28. For K € {R,C} and U c R", a local linear differential operator of order k is a map P :
C*(U,K' — C=(U,K?) of the form

P(u) = Z g - (1) (%)

|| <k

for some a, € C*(U, K™*!) and where for @ = (ay, ..., @;) we used the notation 9% = 9% ... 9%.
Its principal symbol at x € U o(P), € R[&, ..., &,] is given by

o(P)x:= ) aa(x) - £

la|=k

Le. we replaced the symbols 0% by formal variables % and obtain a polynomial in these formal variables.
Note that for the principal symbol we only consider || = k, even though the operator P may be defined
with lower order parts, i.e. |a| < k.

The operator P is called elliptic, if o(P),(¢) € K**! is invertible for all x € U and all 0 # £ € R™.

Let E,F — M be vector bundles. Amap P : C*(M, E) — C*(M, F) is called differential operator of order k, if
in a local trivialisation and local coordinates it is of the form (). (It is easy to check that this is independent
of the choice of coordinates, so one may ask that P is of the form (*) in every local trivialisation and local
coordinates.) The operator P is called elliptic if its local form is elliptic.

Example 6.29. On C" = R?" with coordinates (xi, ..., X2,) we have by Exercisethat

2n o
rf
Af=-) —,
f Z ox?
j=1 i
so its principal symbol is
2n
oAy == &
=1

for any x € R®". Now, for x € R*" and 0 # £ € R" we have that

2n
oA == & #0eR™,

j=1
$0 0(A) (&) is an invertible (1 X 1)-matrix, which means that A is elliptic.
Proposition 6.30. Let (X, w) be Kdhler, then A : C*(X, Qf ) — C*(X, Qf ) is elliptic for allr > 0.

Note: this proof is different from the one presented in the lecture. In the lecture we used the Weitzenbock
formula without proof, below is a proof from first principles. To read this proof, the reminder about the
contraction operator s from the beginning of Section [6.4/ may be helpful.

Proof. Step 1: Computation in C". Let C" be endowed with the standard Kahler form, and write dx, . . ., dxz,
for its real canonical basis forms. The form an orthonormal basis everywhere, and so we obtain for f €
C=(C™):

¥ &
dd*(fdxy) = —d(grad fudx;) = - 3 (J; dxp (k3o
keLlerru{k} OXkoX1
d* d(f dx;) = d*(df A dxp) Z 4
x7) = x[) = — X, ,
T T 0x.0x] TU{kI\{I}

kel¢,lelu{k}
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where we used the notation I° for the complement of I from Definition[6.15] We also used the notations

dxpgey = (=1)PVdxy Ao Adxg, AcAdxg,  for ] = (..., jm) and j, =k,
dxjugey = (=DP 7 dx, Ao Adx, | Adxg Adxg,, A-cc Adyg,

for J=(j1,...,jm) and so that (ji,..., jp-1,k, jp+1,- - ., jm) are sorted ascendingly.
This gives
dxpyuqny = —dxugpgey  for kelle I¢.

Changing the names of the summation indices k and [ in the second sum, and writing the summands where
k = I extra, we obtain:

A(f dxp) = dd"(f doxp) +d" d(f dxp)

n 2 2
>f >f
== Z e doep (kyury + Z dxn kyugny
2
k=1 aXk kel lelc X)X lelc kel X 0%c
= A(f) dx;

Step 2: Computation on X. For p € X let (U, (x3, ..., x2,)) be areal chart with x;(p) = 0 and so that %(p)
form an orthonormal basis. We can construct such a frame by starting with an arbitrary chart and then
using the Gram-Schmidt procedure on T, X. That is, (dx;, dx;) = §;; + O(|x|) on all of U. Then

dd*(fdx;) = —dxd(f - [dxge + O(|x])])
=—d* (df A [dxre + O(|x])]) + Lo.t.
’f

=— Z [dXI\{k}U{l} + O(|x|)] +1lo.t.  and similarly
keLlelcu{k} 0x)c0%)
. *f
dcd(fd)=- )] o [dxrogep oy + O(IxD)] +Lo.t,

kel¢,leTu{k}

where Lo.t. stands for lower order terms and denotes terms involving at most first derivatives of f. These
terms do not matter when computing the principal symbol of an operator. Thus, in the point p we have

A(f dx)(p) = (Af)(p) - dxi(p) + Lot

Now let dxp,, ..., dxy, be a local trivialisation of Q". Le. d = rank(Q") = rn) In this trivialisation we

therefore have for the Laplacian on r-forms, temporarily denoted as A", and & € R2":

(A5 () 0 0
e I P
0 0 . (oA
which is invertible by Example o

Theorem 6.31 (Fredholm Alternative). Let E,F — X be vector bundles over a complex manifold. Let P :
C®(X,E) — C®(X,F) be a linear differential operator of order k. Then

1. Ker P* is finite dimensional.
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2. We have the decompositions

C*(X,F) =ImP & Ker P* = P(C®(X,E)) & Ker P*
L*(X,F) = P(L*(X, E)) ® Ker P*.

We omit its proof here, see e.g. [2] for the statement and references that contain a proof.
Theorem 6.32 (Hodge Theorem). Let (X, w) be a compact Kdihler manifold. Then, for k > 0 we have
C¥(X, Q% o) = HF(X) @ A(C™(X, Q% ) (+)
= HN(X) @ d(C™(X, Q5 1) @ d* (C™ (X, QFL)0 ()
where all decompositions are orthogonal.

Proof. Step 1: Orthogonalities. We first check Imd L Imd*: for o € C*(X, Q5 }) and r € C®(X, QF*L) we
have
(do,d*1);2 = (ddo, )2 = 0

because dd = 0. The other orthogonalities follow analogously because harmonic implies closed and co-

closed by Lemmal6.24}
Step 2: Direct sum decompositions. Equation (%) is precisely Theorem together with A = A* (see
Lemma 6.27).

To see (¥%): ImA C Imd & Imd* follows from the definition of A. To see the converse inclusion, let
o € Imd ® Imd*. By part 1, we have that ¢ L Ker A, so by (x) we have o € Im A, which proves the
claim. O

Definition 6.33. For a € C*(X, QI;(C) we have the decomposition & = Af + projg(a) for some f L Ker A
by Theorem Here, proj4, denotes the L?-orthogonal projection

projg : C¥(X, Qy o) — H*(X).
The map
G:C™(X, Q% o) = (Ker A)* € C¥(X, Q)
a—p
is called Green’s operator.
Lemma 6.34. The map G commutes with d, d* and *.

Proof. We give the proof for d, the other statements follow analogously. (If one were to prove the statement
only for d the proof could be shortened, but we write it in such a way that it can easily be adapted to the
other operators.)

We have d(H*(X)*) ¢ H**1(X)* because for ¢ € H*(X)* and 7 € H**'(X):

(do, 1) = (0,d*1) =0
where we used Lemmain the second step. Also, d(H* (X)) c H**'(X) by Lemma
Thus, for a = i + v, where y € H¥(X) and v € (H*(X))* we have da = dy + dv with dy € H**1(X) and

dv € (H*1(X))*, so d(projy(a)) = projy(da).
Hence, da = d(Ap + projg(a)) = A(df) + projy(da), and therefore G(der) = df = d(G(a)). O
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Corollary 6.35. Let (X, w) be a compact Kdhler manifold. Then for k > 0, the map

F: H*(X) - H*(X,C)

a - [al
is an isomorphism.
Proof. Surjectivity: Let & € C* (X, Q;C(’C), then
a =AGa +projy a

=dd*(Ga) +d* d(Ga) + projy a
=dd*(Ga) + d*(G(da)) + proj4 a.

If @ represents a de Rham cohomology class, then it is closed, i.e. d*(G(da)) = 0, and hence
a =dd*(Ga) + projy a,

so [a] = [projg a] = F(projg a).
Injectivity: Let [a] = 0,i.e. & € Imd, for some a € H¥(X). By (%) of'Iheoremwe havethata =0. O

Theorem 6.36 (Poincaré duality). Let (X, w) be a compact Kihler manifold of complex dimension n. Then
* : H*(X,C) -» H* *(X,C)
[w] with w being harmonic — [*w]
is an isomorphism.

Proof. If w is harmonic, then by Lemma [6.24] we have d(*w) = 0, so the map is well-defined.

By Lemma [6.27, we have that * commutes with A, so * : H¥(X) — H?**(X) is an isomorphism. By
Corollary , we have that H*(X,C) = H*(X), hence the map from the theorem statement is an iso-
morphism. O

6.3 Harmonic (p, q)-forms

Let (X, w) be a Kéhler manifold of complex dimension n and x, € X. We can choose coordinates zi, ..., z,
around x, such that dzy, ..., dz, is a local frame of Q;;OC satisfying

(dzi(x0),dz;(x0)) = &ij.

(We can only arrange for this to hold in a single point, not necessarily in a neighbourhood of that point.)
Thus, for two (p, q)-forms 5! and 5? given as

n = Z n{]dzl/\dz for je{1,2}
[1=p.|T1=q

we have

MGkt o)y = >0 i (x0) - (xo). (+)

Il=p.|T1=q

Lemma 6.37. The map
*: C¥(X, Q01 - Cx (X, Q)

is a C-linear isometry.
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Proof. Letn € C¥(X, Q4), 1 # 0, then
nA%n=(n,n)vol#0eC”(X,Qp").

The only way the wedge product with a (p, g)-form on the left can be non-zero, is if x5 € C* (X, Q""P"79),
and hence xn € C*(U, Q;l{q’nfp ). Thus, * maps indeed between the two spaces of sections claimed in the
statement of the lemma.

It remains to show that it defines an isometry:

kg, xmyvol =*knp Ak xn=xxnAn=nA%n=n1n)vol = (nn)vol,

where in the second and third step we used that the signs introduced by %% and swapping the order of
the wedge product cancel out, and in the last step we used (1,77) € R, so this number is unchanged by
conjugation. o

We have the adjoint operators
* 00 1, 00 s
I C2(X, Q) — (X, b,
=* ] X 00 ,q—1
3 C2(X, Q0T - (X, b1
and the following is proved analogously to Lemma [6.22}
Lemma 6.38. We have 9* = — % d% andd = — % ox.

Definition 6.39. The corresponding Laplace operators are defined as A, := 99" + "0 and A5 := 20 +9 0.
A form « is called 9-harmonic if Asa = 0 and is called 9-harmonic if Asa = 0.

The following is then analogue to Lemma6.24}

Lemma 6.40. Let (X, w) be Kdihler, then for o € C°(X, Qf(’q):
1. a is Ag-harmonic if and only if da = 9*a = 0,
2. a is Az-harmonic if and only if da = 9 a=0.

Definition 6.41. We write
HPU(X) = {a € C°(X, Q%) : Aza = 0}

for the set of 9-harmonic (p, q)-forms.

6.4 Lefschetz operator and Kihler identities
Definition 6.42. Let (X, w) be Kahler. The map
L:CR(X, Q% o) — C2(X, Q2
is called Lefschetz operator, and its operator is denoted as
A=L":CR(X, Q) — C2 (X, 9% o).

One easily checks that A has the formula A = (=1) % Lx.
We quickly recall the contraction operator between vector fields and differential forms. For X € C* (X, Ix c)

and @ € C*(X, Q§(C) we define the contraction X aa € C* (X, Q’;gcl) as:

Xaa(vy,...,0-1) = a(X,01,...,0k-1) for wo,...,00-1 € C7(X,Txc)-
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For example, we have
d 0 ifmel
| dZ[ = -1 _ . .
(=D tdzy, A Adz A Adzy, ifm=1
and
va(a A B) = (vaa) A B+ (—1D)Pa A (vaf). (*)
Example 6.43. Let U c C" be open and let

. n
o= % > dz; ndz;
j=1
be the standard Kahler form. Then a_zl ,5"” is a holomorphic orthonormal basis of TYOU. For a €
Ce (U, Qb7) write
o= Z arjy dzr A da
[I|=p.|J1=q
Then:

—_—k

da=—%dx Z (X]JdZ]/\dZ

l=p,|J|=q

—*a(z &z /\dz]c)
1.
— % (Z Z 921y dzk Adzre A dZ]c)

k=1 LJ
(204
:—ZZ aI]~a—_|dZ[/\dZ
=11y 9%k 9%
9 9
Z'Za—_l a—a
P Zk Zk

Lemma 6.44. Let U C C" be open and
n
w= iz dz; A dzj,
j=1

then [5* L] =

Proof. We want to check the equality of operators acting on some element & € C*(U, Q¥ C) By linearity
it suffices to check a = ayj dzr A dzj. Now

n
a d
Z—_n—(w/\a) —w A —a—a
9zx aZk oz}
k=
ﬁ_/

a3
=0NZ2 azk

9 o 9 N9 9
_—Z —Jw AN—ad—-—WAN|—a—0a]+ow A —
azk azk azk aZk =1 azk azk
= dzp A —
Z k 0z

=ida

k
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where in the first step we used Example[6.43} we used equation (*) from before Example in the second
step; and we used %J(x) = —idzy in the third step. O

This is a result on C" and we now need to transport it to an arbitrary Kahler manifold.

Theorem 6.45 (Existence of Normal Coordinates). Let (X, w) be Kdhler and x € X. Then there exist complex
coordinates zi, . . ., z, around x such that if we write the Kdhler form in these coordinates as

w=i Z hix dz; A dZ,

j.k=1
then hji = 8 + O(|z[?).
Proof. As before, we can find holomorphic local coordinates zy, . .., z, around x such that dz;,...,dz, is a
frame of (T1°X)* which is orthonormal at x and such that z;(x) = 0 for i € {1,..., n}. Thus, we may write

. n
i
W= 3 Z hjrdz; A dzy
Jik=1

where hj i = 6;x + O(|z]). Thus, there exist ajy, a}kl € C such that

hjk = 6f’k+Z (ajklzl+a;klz_l) +O(|z|2) ) (+)

I=1
Since (h; ) is Hermitian, we have
aijl = a}kl for any j, k, [. (%)
Since o is closed, we have
ajkl = ai;j for any j, k, 1. (% * *)

Define

n

1
§k:zk+52ajklzjzl k=1,...,n.
ji=1

Then, by the Inverse Function Theorem (cf. Corollary [2.19), &,..., &, are local holomorphic coordinates
and, by , we have

n

1
dfk = dzk + - E ajkl (zjdzl + Zldzj)
2 ¢
Jil=1
n

1
= de + E Z (ajkl + alkj) Zlej
jl=1

n
= dzk + Z ajklzldzj.
Jil=1

Thus,

n

n n
iz dé A da = iZ dzp Ndzi + i Z (ajklzldzk ANdzj +ajrizidzj A dzy) + O (|Z|2)
k=1 k=1 ill=1

By , we have

_ _ _ _ , — _
ajrizidzi A dz; = axjizidz; A dzi = ajklzldzj A dzg.
Jiki1=1 k=1 JkI=1
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Thus,

i) i AdE =i ) |0+ Y az+ Az | dzy AdZg + O (121P) = 0+ O (121).
k=1 Jik=1 =1

For small |z| we have that |z|*> < %|z|, so O(|z|?) = O(]£|?), and therefore the theorem holds in the coordin-
ates &;. O

Theorem 6.46 (Kéhler identities). Let (X, w) be a Kdhler manifold.

Then
1 [d,L]=io
2. [0°,L] = —id
3. [A 9] = —id*
4. [Ad]=id .

Proof of Theorem[6.46, We first prove (1). We have
d"=—%0d *.

Therefore, in the normal coordinates from Theorem around x € X we have that (5* a)(x) has the same
formula as on C", and the claim follows from Lemma[6.44]
We now prove (3). Let ¢ and f be (p, q)-forms, then by (1) we have

([A, d]a, B) = (a, [5*,L]/3) = (@, i9f) = (—ia, 9f) = (—id"a, p).
Thus, (3) follows.
Since L = L, we have that (1) implies (2) and, since A = A, we have that (3) implies (4). )

Theorem 6.47. Let (X, w) be a Kdhler manifold.
Then
A =20, =2A;.

Proof. Since d = 9+ 9, we have
A=(9+9) (9" +9") + (0" +9") (a+ ).

By (4) of Theorem [6.46] we have

—k

9 =—i[A,d] = —iAd +idA.
Thus, since 9% = 0, we have
(0+9) (0" +9%) = 99" + 90" — 0N — IIND + iIA.

Similarly, we have
(0°+3") (9+9) = "9+ 39 + idA + idAI — iAd.

By (3) of Theorem [6.46] we have

99 = i[A, 9] 9 = —idAd = —id[A, 9] = —99".
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Thus, using (3) of Theorem again, we obtain
A = 93" — i0AD + i0OA + %0 + idAD — iAI
= Ay — iAID — idAD + i0AD + idOA
= Ay +iAd0 — i0AO + iOAD — i\
= Ay +i([A 3]0+ d[A,3d)])
= Ay +i(—id"0 — i99") = 2.

Therefore, the first equality follows.
The second equality follows by similar calculations. O

6.5 Hodge decomposition
Theorem 6.48. Let (X, w) be a compact Kahler manifold. For p, q > 0 we have that

1. HP9(X) is finite dimensional.

2. We have the following orthogonal decompositions:

C¥(X, Q8T = HPL(X) @ A5(C™ (X, Q5T)) ()
= HP9(X) © 30 (X, O41) 07 ¢ (X, 0™, (+4
Kerd = HP9(X) ® a(C(X, 247", (%)

Kerd = HPI(X) @9 C(X, Q1)

Proof. We have A = 2A5 by Theorem so Ay is elliptic and (*) is the Fredholm alternative for A,
Theorem|[6.31] (x+) is proved exactly as Theorem [6.32] It remains to check (s x ):
»>” follows from 92 = 0 and Lemma
’c” leta € C®(X, Qf(’q) with da = 0. Write @ = ag + 9(0) + 9 (7). Then da = 0 gives 90 7 = 0, and
therefore

0=(39 1,72 = (3 1,9 T)12),

thus 9 7 = 0, s0 @ € HPI(X) ® A(C™(X, QI ™).
The last statement is proved analogously, and one checks that the decompositions are orthogonal as in

Theorem[6.32} O
Corollary 6.49. Let (X, w) be Kdihler. Then, for p,q > 0, we have

HPA(X) = HPI(X).
Proof. Analogous to Corollary|[6.35] o

Lemma 6.50. Let (X, w) be Kihler. Then A maps (p, q)-forms to (p, q)-forms.

Proof. The operator A, maps (p, g)-forms to (p, g)-forms by definition. By Theorem we have A = 2A,,
which proves the claim. O

Theorem 6.51. Let (X, w) be Kdihler. For k > 0 we have
HE(X) = @paqiHP(X) ()
and for p,q > 0 we have

HP(X) = HaP (X). (++)
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Proof. Any element a € C*(X, Q;C(o:) can be decomposed as & = }, o) 4 With a4 € C*(X, Qf(’j:). Then by

Lemmawe have that « is harmonic if and only if ap,q are harmonic for all p, g. This proves (*).
For f € C*(X, Qé’(’q) we have

AB=0Apfi=0 Asf=0o Af=0,

where we used Theorem for the first and last equivalence and we applied complex conjugation to both
sides for the second equivalence. This proves (). O

Theorem 6.52 (Hodge decomposition theorem). Let (X, w) be a compact Kdhler manifold. Then

H'X.C) = @D HPU(X) and HP4(X) = HPI(X).
k=p+q

Proof. This is a combination of the following statements:

Theorem [6.51]: HE(X) = @ HPI(X),
p+rq=k
Corollary [6.49] : HPI(X) = HP9(X),
Corollary[6.33]: H*(X) = H* (X, C). O

We can now give a proof of Serre duality (see Theorem [4.41) in the Kihler case. The statement is true on
any compact complex manifold, even if no Kihler structure exists. It is proved by choosing an arbitrary
Riemannian metric (i.e. positive definite inner product on the tangent space), and then using its Hodge star
*. However, our proof really uses the Kahler property and the generalisation is not easy.

Proof of Theorem|[q.41] in the Kihler case. The isomorphism is given by
HPY(X) — H' PP 9(X)*

a > (o, %a)2.

It is an isomorphism by Theorem|[6.52] the first point of Lemmal6.27] and the fact that for any Hilbert space
(H, (-, -)) the map

H-—> H'

v (8,0)

is a complex anti-linear isomorphism. This last fact is the Riesz representation theorem. We only need the
finite-dimensional version for vector space H”4(X) though, which is very easy to prove. (The proof of the
Riesz representation theorem is not easy for infinite dimensional spaces.) O

The Hodge numbers of a compact Kéhler manifold are usually displayed as a Hodge diamond, see Fig.
The symmetries within the Hodge diamond are:

1. Conjugation, i.e. h**1 = h%? (Theorem|[6.52));
2. Hodge star x : HP9(X) — H"~%"~P(X) (Point 1 of Lemma [6.27);

3. Serre duality, which is not an additional symmetry, but just the composition of x and conjugation
(Theorem [4.41).
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Figure 4: Hodge diamond and its symmetries.

7 Epilogue

Here are some areas research areas in complex geometry:

1. Gauge theory: this was mentioned at the end of Section 5.5. In pure maths the goal is to study Hermite-

Einstein connections or stable bundles (which in a precise sense are equivalent) to define numerical
invariants of Kéhler manifolds (or complex manifolds). Many of these equations are motivated from
physics, where solutions are needed to model physical phenomena. A currently popular gauge the-
oretic equation is the Hull-Strominger system, for which not many solutions are known. See e.g. for
[4] for an introduction for mathematicians, which contains the references to the original physics
literature.

. Calabi-Yau manifolds: A compact Kéhler manifold (X, w) is called Calabi-Yau if ¢;(Kx) = 0, where
Kx = AYmM(TL0X)* is the canonical bundle. This condition is quite easy to check, but it has a
surprising implication: by Yau’s proof of the Calabi conjecture (a modern presentation of the proof
can be found in [8]]), X admits a Riemannian metric that is Ricci-flat. There are not many ways known
to construct Ricci-flat manifolds, and the largest supply comes from Calabi-Yau manifolds. There are
many exciting research directions in this area:

« Generalisation to non-compact manifolds: this was pioneered by Tian and Yau in [13]], but since
then the results have been refined and generalised in many ways.

+ Generalisation to singular spaces: by now it is reasonably well understood which singular
spaces admit singular Calabi-Yau metrics. Roughly speaking, a singular Kahler manifold with
trivial canonical bundle admits a (singular) Calabi-Yau metric if and only if its singularities
are (Kawamata) log-terminal. [[6]] is a reference that is well readable for differential geometers,
though this is not as general as possible.

« What does the metric look like? Yau’s theorem is only an abstract existence results and does not
give a description of the metric. It is of massive interest in Physics to approximate Calabi-Yau
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metrics with computer aids and then calculate things with respect to this approximate Calabi-
Yau metric, see e.g. [5]. Without computer assistance, one can often describe Calabi-Yau metrics
in special situations using gluing constructions. An example is [12] and the recent proof of the
weak SYZ conjecture surveyed in [g] which is a milestone in this field. [6] also falls into this
category to some extent.

« Kahler-Einstein metrics: Ricci-flat manifolds are great, but there are analogues of the Calabi
conjecture for Kahler manifolds and metrics with positive or negative Einstein constant. The
detailed statements are much more complicated and involve an interesting stability condition,
much like in our definition of stable bundle. See [3]].

3. Enumerative geometry: on a compact Kahler manifold (X, w) one can define the Gromov-Witten in-
variant, which is roughly speaking a count of the number of one-dimensional complex submanifolds
of X in a fixed cohomology class.

Extending this to non-compact manifolds is an active research area.
Also, instead of counting complex curves, there are proposals to count other examples of calibrated
submanifolds in manifolds that needn’t be complex, but achieving this is still a long way off.

4. Geometric flows: the two most studied geometric flows are:

« the Ricci flow on a Riemannian manifold: a%gf = —2Ricy,,

« the mean curvature flow of a submanifold i : M; — N: %Mt(x) = ﬁ(Mt(x)).

Studying these flows requires hard analysis, but on K&hler manifolds two miracles happen which
make studying these flows much easier:

« Ricci flow preservers the Kihler property,
« Mean curvature flow preserves the Lagrangian property, i.e. 0|y, = 0.
Thanks to this, the formation of singularities under these flows on Kihler manifolds is much better
understood than the general case, at least conjecturally.
5. Moduli spaces: let e.g. M = {X : compact Calabi-Yau of cx. dim. 2} modulo diffeomorphism.

We want a geometric compactification 4 of M, i.e. a compactification with respect to some natural
distance on .Z. A natural distance is the Gromov-Hausdor{f distance which is a fascinating definition.

This has been somewhat achieved in dimension 2 (see [0} 11]), but in higher dimensions there are

many open questions. Also, there are many interesting moduli spaces apart from Calabi-Yau mani-
folds.
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